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NOTES ON FOURIER SERIES (III): ASYMPTOTIC 
FORMULAE FOR THE SUMS OF CERTAIN 
TRIGONOMETRICAL SERIES 


By G. H. HARDY (Cambridge) and 
W. W. ROGOSINSKI (Aberdeen) 


[Received 21 October 1943] 
1. Ovr object in this note is to find asymptotic formulae for the 
sums of the series 
C = C(x) = > a, cosnez, S = S(x) = } 6b, sinnz, (1.1) 


where a, and b,, behave approximately like a power n-*, when x>0. 
We shall suppose that a, and b,, are of the form n-%¢,, where 


a = B+iy, (1.2) 
and ¢,, is a function, in one sense or another, of a ‘slowly oscillating’ 
type; and that 0 < 8 <1 or 0 < B <1 according as we are dealing 
with C or S. The case 8 = 0 is exceptional for S, and both 8B = 0 
and 8 = 1 for C: we reserve these cases for later consideration. We 
state our proofs primarily for S, since in this case we can allow f to 
be 1. Our main results are 

THEOREM 1. Suppose that 

b, = n-$,, 
where « = B+ty, 0 < B <1; and that ¢,, satisfies 
(A) pit get---tdn ~, npn, 
and one of the three conditions 
(B1) ¢,, 1s real and |b,,| decreases ; 

(B 2) ¢,, is real and increasing ; 

(B 3) $n+i/on = 1+-O(n-). 

Then S(x) = > b,, sin na is convergent, and 
S(x) ~ foe J = GS 


when x -> +0, where & = [x=], 


J= | t-“sint dt = T'(1—a)cos fam 
9 


3695.16 E 
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when « #1, and J = 4n when «=1. In particular, either of the 
conditions 


(C1) ¢, is real and n®¢,, increasing, n~*¢,, decreasing, for every 
positive 5, 

(C 2) $n+ilon — 1-+-o(n-"), 
is in itself sufficient for (1.4). 

It should be observed that a real ¢,, which satisfies (A) is ultimately 
of fixed sign. 

THEOREM 2. There are corresponding results for C(x) when 0 < B <1, 
with J replaced by the corresponding cosine integral. 


It is not obvious in either case, except when we adopt hypothesis 
(B 1), that the series are convergent. 


2. It will be convenient to begin by proving the results in the 
special case ¢,, = 1. They are then familiar (at any rate for real «); 
but the usual proofs follow different lines, and it will elucidate our 
method and shorten our later analysis if we insert one here. 


Lemma 1. If y is real and fixed then 


¥ n-iveniz a o( 1 
B 


| 
when x > 0, uniformly in p and v. 


We suppose that x > 0 and p < é = [a-"] < », and write 


v é v 
T= > aoe =>)}+)=7-44. 
a ie o> | 


Plainly 7, = O(x-"). Also 
(1—e)T, = y n-vAer*2 = O(1)— > er*zA(n—1)-4v = O(1)—%;, 
+1 é+1 


(l—e*)T, = > A(n—1)-*’Ae™ — o(;) — > en=A?(n—2)-” 
+1 g é+1 


= o(7) + S O(-2) = 0(2) = oe. 


€+1 
Hence 7; = O(1) and so 7, = O(a-). 
If § < p or € >», then the estimate for 7, or 7, alone suffices. 
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Lemma 2. Theorems 1 and 2 are true when ¢,, = 1. 
Here, and later, we argue as follows. Suppose that 
p(x) = x(x)+p(x, c)+-9(x, C)+r(x,¢, C), 
where c and C are positive parameters; that », and yg are positive 
functions of c and C, which tend to 0 when c > 0 or C + 00; that 
lIpl|<nlxl O<*%<%), lal<nelx! (0<%< 4), (2.1) 
where x, = 2,(c) and x, = x,(C); and that 
r = 0(|x\) (2.2) 
when c and C are fixed and > 0. Then 
p(x) ~ x(2). (2.3) 
For plainly, given any positive «, we have 
lb—xl < (net+ne)|xI+- Ir] < €lx!+ Ir! 
for sufficiently small c, sufficiently large C, and 0 < x < 2,(c, C); 


and so ee 
lim ton <e. 
Xx 


We shall express (2.1) by writing 


p = O(n |x|),  & = Ane!lx))- (2.4) 


The O’s are ‘uniform in c or C’ in the sense that the constants which 
they imply are independent of c or C, but not in the sense that the 
ranges of x for which they hold are independent of c or C. 

In the special case relevant here we write 


S=(> 


n<e/x e/xr<n<C/x 


4 )n- sinnx = 8,+8,+83. (2.5) 
>Clx 


Then 8, = O(x ¥. ni-B) = O(c?-FxF-1) = O(n, xf -), (2.6) 


n<e/x 
because |sinna| < nx; and 
Sy = Of(C/x)-Pe} = O(C-Fx?) = O(ne a), (2.7) 
by partial summation and Lemma 1. Also, if M = [e/x], N =[C/z], 


Cla 
4,— | t-“sin ta dt = O(M-#)+-O(N-F)+ 


elx 
= n+1 


+ y J {n-*(sin nx—sin tx) +-(n-*—t-)sin tx} dt. (2.8) 
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The first two terms are o(x®-1), and the last is 


N 


n-1"t1 =1 
> | {O(en-)-+O(n-P-4)} dt = O(a ¥ n-F)4-O(1) = of@F-). 
i) it 

Hence (2.6) gives 


oO 
&, == get [ t-“sint dt +o(a?-1) = x*-{ J+ O(n,)+0(ne)+0(1)}, 

é (2.9) 
for fixed c and C. Finally, from (2.5)-(2.9), and our remarks at the 
beginning of the proof, it follows that S ~~ a2*-1J. The proof for C 
is similar, except that we use |cosnxz| < 1 instead of |sinna| < nx 
and must suppose P < 1. 


3. We need three more lemmas, in which too and ¢(¢) is a 
function of ¢ continuous for ¢ > 1. 


Lemma 3.} Jf 
(D’) (kt) ~ d(t), when t > oo, for every fixed positive k, 
then d(kt) ~ 4(t) uniformly in any finite interval 0 < ky Ck < ky. 


— {t+*) 

ft) — 
Then %— 1 for every fixed h, and we have to show that it does so 
uniformly in any finite interval of h, say I(H) = (—H, H). 

Since {> 0 for every A of 1(2H), 4-0 uniformly in a set K 
included in J(2H) and of measure greater than 3H,{ so that || < ¢ 
for all h of K and t > ¢,(H,e). If h is a given number of J(H), and 
h, and h, run through K, then h—h, runs through a -et of measure 
greater than 3H and included in (3H); and this set and K, having 
measures whose sum exceeds 6H, must have points in common; 
so that every h of I(H) is expressible as h = h,+h,., where h, and 
h, belong to K. Also |(t,h,)—1|<¢€ for t>4(H,e) and 
| b(t-+h,,h.)—1| < ¢€ for t+h, > t,(H,«); and therefore 


| y(t, h)—1| = l(t, hy)(t+-hy, hg)—1| < 2e+e? < 3e 


for t > t,(H, «)+2H, which proves the lemma. 


Let fO=4¢@), =r) 


+ We owe this lemma (in which ¢ need not be continuous) to Mr. Besi- 
covitch. 
{t By ‘Egoroff’s theorem’. 
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Lemma 4. The condition 


t 
(A’) di(t) = | p(w) du ~ t4(t) 
is equivalent to (D’). : 

(1) If (A’) is satisfied, then ¢, ~ 0 for large ¢, and 





fa bedth mel vetean 


P(kt)  Uda(Kt) — L togesomy _, 1 
$0 E4@° FO 
(2) If (D’) is satisfied, 5 > 0, J is a positive integer, and ¢ = 2'u, 


- Ip(t)| < 28 /4(32)| < ... < 2#8/4(u)| (3.1) 


for u>u,(8). Hence |¢(t)| < fo-Fig(u) je and t~|d(é)| > 0. 
Similarly ¢°|4(¢)| > oo for any positive 5. In particular, ¢|4(t)| > 00. 

In what follows 0 <« < } and @, , (9), ¢®,... are numbers, 
depending on various variables, whose moduli are less than «. By 
Lemma 3, ¢(u) ~ ¢(¢) uniformly for 44 << wu <t. Hence 





t t 
| $(u) du = o@) [ 1+2) du = HAOHU+L) > H(€)), 
at at 


$t 
| P(e) du = LA)A+L) = WADA+L A+) Gt > to(€)), 
+t 


q-+l 


[ P(e) du = 2-14 G\I+E)...L+2) (2444 > tee). 
2% 
Hence, if 2-4 = +, where 34, < + < ft, we have 


) h) 
o> (0). 0+E0), 





$r(t)—$(7) = tp 








$,(t) b(t) (14+ 2))...(1+6)—1 
a(t) De tp(t) +> Qh a 


The last term has a modulus less than 


= (l+e)*—1 — 2 {I+e\*  2€(1+e) 
pa a <3 F) - ao < 12. 


t With the principal values of the logarithms. 
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Also 1+0co when too, and #\d(t)| > 00. Hence it follows from 
(3.2) that 
ee p(t) | 6 
lim | —1| < 12e 
tot) | 
or ¢, ~ td. 


Lemma 5. Hither (A’) or (D’) involves the following consequences: 


(i) t-®|4| + 0, #°|6| > 00, for any positive 8; 


t 
(ii) if dF = [ \d(u)| du, then $f ~ tf] ~ Idxl; 


1 


! 8 
(iii) } n®14(n) ~ u>-14(u) du ~ 5 HU), 
nxt i 


for any positive 5, with similar relations in which ¢ is replaced by |4|; 


« 


(iv) } n~-14(n) ~ [ u>-l4(u) du ~ = $0) 
i 


not 
with a similar gloss. 


Of these assertions, (i) has been proved already. For (ii), 
|d(kt)| ~ |d(t)| and so d* ~ t|4| ~ |¢,|. To prove (iii) we have 
t t 
| u—¢ du = -1g,+(1—8) [ u>-*4, du, 
1 | 
t t 
[ ub1|4| du = P-g#+ (1—8) [ wP-26* du. 


1 1 


Since ¢* ~ ¢|4| and #1¢* + oo, the second of (3.3) gives 


t 
5 [ u|4| du ~ P-gF ~ #4). 
1 
But then 


f ue-*4, du = f w—l¢ du +o f ue-1/4| an) = [wag du +o(t*|4|), 


1 


t 
and the first of (3.3) gives 8 | uw—1¢ du ~ P-1g, ~ Bd. 
1 


{+ We prove a little more than we actually need, for the sake of symmetry. 
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We have thus proved the assertions about integrals in (iii). Next 


t 
y nP19(n)— | wP1g du 
nxt i 


[t] n+1 


< 2X [ inP-*9(n)—wP1G(u)| du + 








{+1 
i ue-1g(u) au. 

i 

Here n®-1—u5— — O(n®-*), d(u) ~ d(n), and the last integral is 
plainly o(¢*|¢|). Hence the sum is 





n=1 


n+1 t+1 
of 3 [ wid du) = of | u?16\ du) = o(@ ip), 
=—2 ' ; 
d 6-1 5-1 e 
an 2," d(n) ~ J wd du ~ 5 P- 


The sum with |4(n)| may be dealt with similarly, and this completes 
the proof of (iii). That of (iv) follows the same lines and need not 


be set out in detail. 


4. We can now prove Theorems 1 and 2. It is convenient for 
technical reasons to suppose that 5, and ¢,, are the values, for t = n, 
of continuous functions b(t) and ¢(¢), the conditions on these func- 
tions corresponding to (A)-(C) of the theorems being (A’) ¢, ~ td; 
(B1’) ¢ is real and |b| decreases; (B 2’) ¢ is real and increasing; 
(B 3’) ¢’ = O(t|4|); (C1’) ¢ is real, t¢ increases, t*¢ decreases; 
(C 2’) ¢’ = o(t-"|¢|). These conditions are in fact satisfied by the 
b(t) or d(t) obtained from b,, or ¢,, by linear interpolation.T 

After Lemma 4 we may replace (A’) by ¢(kt) ~ ¢d(t), or (A) by 
Ptken] i $n: 

We decompose S (assuming its convergence provisionally) as in 
(2.5), and we have to show that 

o(2) , (4.1) 
x | 


8, = of" 
S, = oft o(7) } (4.2) 
8, = (J+ 0(1.)+ One) +0(1)}20 (2), (4.3) 


+ We must interpolate 6, linearly in case (B1), ¢, in case (B2) or (C1): 
otherwise either interpolation is effective. In either case b(t) or ¢(t) will have 
angles at the integers, but we may interpret (B 3’) or (C 2’) as referring to 
the backward and forward derivatives (or ‘smooth out’ the angles if we 


prefer to). 

















56 G. H. HARDY AND W. W. ROGOSINSKI 
First, 
S,= > n-%d(n)sinnz = Ofx > n'-B|6(n)|} = Ofer Faf-2 4(2) , 
n<e/x n<e/x x 


by (iii) of Lemma 5. Since ¢(c/x) ~ $(1/x), this gives (4.1). 
Next 


Cla l Clxz 1 Claz P 
A, = 2 n-~h(n)sin na = 4(7) - n-“gsin na-+oll4(-) 2 n~ ; 
The last term is ofx8-1|4(1/z)|}; and so (4.3) follows from (2.9). 
So far we have used only hypothesis (A’). In discussing S; we 
must assume one of (B 1’), (B 2’), and (B3’). 
(a) If (A’) and (B 1’) are satisfied then, after Lemma 5 (i), |b,,| > 0, 
and S, is certainly convergent. And, if V = [C/zx], then 


S,= > 5b, sinnz = by, o(-) = of-o(<)| 


n>C/x ev \2x 


-B 
= FG) = Ce 
x x \x 
(b) The convergence of S, is less obvious when (B 1’) is replaced 
by (B2’). We then write 
8; = > n-b-ivd(n)sinna (1 = 0, 1, 2,...). 
20/a<n<2!*10/a 
Summing partially,{ and using Lemma | and (3.1), we see that 
al o((72)~ (=). ™ o{c-F2t-Put- (=) 
x 2 jz x 
for any positive 5; and the same estimate is valid for any partial 
sum of s, We may take 5 = 38, and then it becomes plain that 
> 8, 83, and S are convergent, and that S, is of the form (4.2). 
(c) Finally, suppose that (B 3’) is satisfied; that N = [C/x]; and 
that 


ie) 
Xn = > m-“sin me, 
n 


so that x, = O(n-®2-1), after Lemma 1. Then 
, Nt N'=1 
2 6, sinnx = p $n(Xn—Xn+1) = Pv Xn—On’Xn' 1 — p2 Xn+1Adn- 


t |S,| < He*-*a®—|4¢(c/x)|, where H is independent of c, for 0 < x < 2,(c), 
and ¢(c/x) ~¢(1/x) for every c, imply |S,| < 2Hce*-*a®\¢(1/x)| for 
0 < x < 2,(c). We shall argue thus repeatedly. 

{ Twice, once on n-*sinna and once on n~‘Ysin ne. 
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Now ¢,, xX, = O(n®-?x-1), for any positive 5, and Ad, = O(n-/4,,|), 
by (B 3’). It follows that S, is convergent, and that 


8, = dw xv ¥ xn Abe = Of ity!) +02 > n-*-Fi4,!). 


The second term here may be absorbed in the first, by (iv) of Lemma 


5; and so S,=0 {c-Fab-2 (¢) } ack ofte (2) 


5. This completes the proof of Theorem 1, so far as hypotheses 
(A) and (B) are concerned. As regards hypotheses (C) or (C’), it is 
plain that either of them implies one of (B) or (B’). It is therefore 
sufficient to prove that either (C 1’) or (C 2’) implies (A’). 

(a) If (C 1’) is satisfied, then 

t 
p-5 td 
—e" 5 8 —S>S = —— 

dy; oa ha ¢.u> du < Ob — 3 
for every positive 5. Hence 
im? < — iim?! <1 
oie "ys 
and similarly the lower limit is at least 1. 

(b) If (C 2’) is satisfied, then 


$= 6 [ up! du = tb-+o( fis du) = +03), 


lim 4 


t 
$f = tld|— [ ulg|’ du = t\p|-+o(¢F), 
1 


since |¢|’ < |¢’|. It follows by comparison that ¢f ~ ¢|¢| and 


$, ~ td. 
This completes the proof of Theorem 1. The proof of Theorem 2 
is the same except for the discussion of S,. Here 


S, =F n-H(njoosnz = O[ ¥ n-Pig(n)|] = Ofet-AeP-g 4(;)|f 


we must suppose 8 <1.t A typical case of e theorem is that 

in which a, or 6, is of the form n-%j,,e'Xn, where a = B+4y, 

0 < 6 <1, and ¥, and x, are ‘Z-functions’, in the sense of Hardy’s 
+ 8 > 0 in (iii) of Lemma 5. 
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Orders of infinity, of the ranges n~* < ys, < n® and 1< x, < logn. 
Thus a, or b,, might be 
n-*(log n)4(loglog n)FeC@e"” (0 < p <1). 


6. There are naturally similar theorems for integrals 





[ a(t)cos at dt, { b(t)sin at dt, 
fr) 0 


which the reader can formulate for himself. Here, however, there 
is a dual problem, since x may tend to oo instead of 0, in which case 
it is the behaviour of a(t) or b(t) for small ¢ that is important. This 
case corresponds to the problem of finding asymptotic formulae for 
the Fourier constants of a function with a singularity of assigned 
nature at the origin. 

There are a good many known theorems which are special cases 
of Theorems 1 and 2 or their integral analogues. Different writers 
have tended to consider slightly different problems, and the literature 
is fragmentary. We may refer to Bromwich, Infinite Series, 494; 
Hardy, Proc. London Math. Soc. (2), 32 (1931), 441-8; Haslam-Jones, 
Journal London Math. Soc. 2 (1927), 151-4; Titchmarsh, ibid., 1 
(1926), 35-7, and Fourier Integrals, 172-4. Theorems with wider 
conditions but less precise results have been proved by Salem, 
Comptes rendus, 186 (1928), 1804-6, and Young, Proc. London Math. 
Soc. (2), 12 (1913), 433-52: for these see Zygmund, T'rigonometrical 
Series, 112-16. The theorems proved by Hardy, Messenger of Math. 
58 (1929), 130-5, and Young, Proc. Royal Soc. (A), 93 (1917), 42-55, 
are of a rather different character. 


[Added Feb. 1944.| Lemma 1 is a case of the following more general 

theorem, in which 
A, = ag ta,t+... +n, 8,(Z) = ap +a,2+...+4,2", jz| <1, 

H is an absolute constant, and H(f) a function of B only. 

If0<B <1, a, = 0(1), Aa, = O(nF-*), then 

|8,(z)| < H(B)|1—2|-8. 

The conditions are not sufficient when B = 0 or B=1. But, if A, = O(1), 
Aa, = O(n-*), then |s,(z)|<H; and if a,=O(1), A*a, = O(n-*), then 
\8,(z)| < H|1—z|-. 





This theorem includes (besides Lemma 1) a number of more special 
theorems proved by Hardy, Quarterly Journal, 44 (1917), 147-60; Landau, 
Ergebnisse der Funktionentheorie (1929), 68-9; M. Riesz, Acta Univ. Hun- 
garicae, 1 (1923), 104-13; Szegé, Math. Zeitschrift, 25 (1926), 172-87. 











GAUSS SUMS AND PRIMITIVE CHARACTERS 
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1. Introduction 
The reciprocity formula for Gauss sums may be written in the 


form 
p 


¥ expintnip/a) = (2)? ¥ exp(—ntwigip) (1) 
ita P n=1 
where p and q are positive integers.* 

In this paper it is shown that reciprocity formulae also hold for 
similar sums involving primitive characters as coefficients. For even 
primitive characterst a formula directly analogous to (1.1) holds, 
but for odd primitive characters the direct analogy breaks down, 
and a more complicated relation between sums holds instead. 

The method used is based on Dirichlet’s proof{ of (1.1). 


2. Preliminary lemma 
Lemma.§ If x(n) is a primitive character modulo k (k > 1), and 


F(a) is continuous and of bounded variation in the finite interval 


(a, b), then 
N b 
w » XmF(n) = mud jim x(n) | e~2rintlk F(t) dt, 
<ns N->o Ped 


a 


where the dash indicates that the terms n = a or n = b are to be halved 
if a or b is an integer, X(n) is the conjugate of x(n), and 


7(x) = ¥ xlnetrint, 


* E. Lindel6éf, Calcul des résidus (Paris, 1905), 73, and G. H. Hardy and 
J. E. Littlewood, Proc. Fifth International Congress of Mathematicians (1912), 
223-9. 

+ The usual notation for characters is used. Cf. E. Landau, Handbuch der 
Lehre von der Verteilung der Primzahlen, I (Leipzig, 1909), 486-94. We call 
x(m) an even or an odd character according as x(—n) = + ,(n). 

t L. Dirichlet, Werke, 1 (1889), 473-9. 

§ This is a simple case of a formula given by L. J. Mordell, Proc. Cambridge 
Phil. Soc. 24 (1928), 585-96. Corresponding real forms of an extension of 
Poisson’s summation formula are given by A. P. Guinand, Annals of Math. 
42 (1941), 591-603. 





60 A. P. GUINAND 


3. Reciprocity formula for sums with even characters 
If x(n) is an even primitive character modulo k, 


> ximexp(ntip/ah) - 2 ¥ (n)exp(n*nip/ah). (3.1) 


The terms n = +qk vanish since y(--gk) = 0; hence, by the lemma, 


this sum is equal to 
N . , 
9 
7X) tim > X(n) | exp(=2 e— oe dt. 
” No ay ‘ gk k 
, -" 


Putting u — ?t—n and n = 2 kr+-m this becomes 
g “a ‘Pp 


T(x) = —m*riq S —— Tiu*g 
q—- mex - lim | exp 

- m=—pk - PSR ar tipkim - 
The limit of the inner sum is 


[ exp(ziu*q/pk) du = eins Ele 


7 


—-2 


Hence (3.2) is equal to 


(q\t,. 
etn 2 )Fo) r3 x(m)exp(—m?2rig/pk). 


m=—pk 


Treating this sum as in (3.1) we have the theorem: 


THEOREM 1. Jf x(n) is an even primitive character modulo k, and 
p and q are positive integers, then 


pk 


§ (n)exp(n*zip/gk) = etn Fa )> y(n )exp(—n*ig/pk) 
wm xp P/Y pk x P*\ xp q/pr). 


4. Reciprocity formula for sums with odd characters 
If y(n) is an odd primitive character, the sum analogous* to (3.1) is 
qk k 
> ny(n)exp(n*2ip/gqk) = 2 >; nx(n)exp(n*zip/qk). (4.1) 
n=—qk n=1 


As in § 3 this sum is equal to 


* By analogy with functional equations for theta functions involving odd 
characters. Cf. E. Landau, loc. cit. 486-94. 
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N 

T(x) 4: TP 49 _ 2rrint 

“_ pve X(n) [rx — dt 
—ak 


pk 
‘a - (4% 70) S* x(m)exp(—m*nig/pk)x 


m=— ba 
R (2r+1)pk+m 
xlim > | (2pkr+-m—u)exp(miu*gq/pk) du 


Roo r=—R op s)pk+m 
2 
= (2) 700 (5, +88), say, (4.2) 


where S,, S,, S, arise respectively from the three terms of the first 
factor of the integrand. By proceeding as in § 3, S, leads to a term 


3 Dk 
ertk-tn(y)(2) 3 nx(n)exp(—n2ziq/pk). (4.3) 
n=—pk 
Further, the integral in 8, is 
(2r+1)pk+m 
uexp(miu*g/pk) du = 0, 
(2r—1)pk+m 
and so S, vanishes. From (4.2), 
8 = 2pk $ xmnexp(—m*rigipk) lim Ty(R) (4) 
m=—DprK —> 2 
R (2r+1)pk+m 
where Ti} = > # [ exp(ziu*q/pk) du. 
r= —B (or—a)pk+m 
Rearranging the sums and integrals, and putting wu = (2r+-1)pk+-v 
for r positive and u = (—2r-+1)pk—v for r negative, we obtain 


T, 


m 


R ys - 
(R) = (—)P%2i »3 r | exp (= yt tigre) si 2mqu dv. 
Pee ae 


(4.5) 
Summing the series in r this becomes 
T,,() — (—)?2*{U,,(R —V,,(R)}, (4.6) 
where a 
U,(R) = R | exp[™ ‘aa dv, 
pk 


m 
—m™m 


m 


rR) = [exer ier 


—m 


sin2zqvR 
sin 27qv 
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Integrating U,,(&) by parts, the integrated terms vanish, giving 


m 
m 


| vexp\™4 v*+ 2rignv(2R+ 1)| dv, 
\pk J 


_ R 
—— pk(2R+1) , 


— m7 


U,(R) 


m 


and by the Riemann-Lebesgue theorem* this tends to zero as R > 00. 
Putting ¢ + 2qv, according as v 2 0, in (4.7) 


2mq 


] * 
V,(R) — = | exp| 
aC 

"% 


dt. (4.8) 


mit? \ sin 27 Rt 
sin 7 


4pqk 


By Fourier’s single-integral theorem+ 
« Q oO 
n+4 


_" ee 8 
| exp (7 \ an Rt 5, (—"bexp( = ) 


lim a - 
i 4pqk sin zt 4pqk 


R 


x 
7 


and similarly for the integral over the range (n—3,n). Splitting the 
integral (4.8) up into a series of such ranges, we have 


im V l - min* 
lim } R = ity "ex Me 7 
Boon att 2q —? (Fa) 


n=0 


1 @& min” 
= — )"ex , 
4q > (—) oF] 


n “—2mq 
Now, by (4.5), T_,,(R) = —T,,(R). Hence, by (4.4) and (4.6), 


pk ; a 
S, = 4pk > X(m)exp(—m?ziq/pk) lim T,,(R) 
m=1 R-> « 
pk . 
== (—)Ppak+1l x(m)exp(—mrig/pk) 
q m=1 
The terms n = +2mq give rise to sums 
pk 
> x(m) 0, 


_ 
m=1 


so, for simplicity of notation, we need not halve these terms. Hence 
pk 2mq 


(—ypak+1 Ph = > (— "Z(mexp| mee — 2m'g)| (4.9) 


S 
q | 4pgk J 


i= 


m=1 n= —2mq 
By (4.2), (4.3), (4.9) we have the theorem: 
* E. C. Titchmarsh, Theory of Functions (Oxford, 1939), 403. 


t E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals (Oxford, 
1937), 25. 
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THEOREM 2. If y(n) is an odd primitive character modulo k, and 
p and q are positive integers, then 
qk a : q 3 pk s 
> ny(n)exp(n?xip ak)—ertk-ir(y)(2) = nx(n)exp(—n*zig/pk) 
1 p 
n=1 
> = eee 


‘ (PP Eg > (—)"xlmexp- 4pqk 


n 


m=1 n= —2mq 


5. Elementary properties of the sums 

Some further properties of these sums can be proved by simple 
substitutions. For instance, putting n = gk—m we find that 

ak qk 

> x(njexp(n2zip/gk) = (—)?%*x(—1) ¥ x(m)exp(m?zip/gk). (5.1) 
n=1 m=1 
Hence this sum vanishes if (—)?%y(—1) = —1. In particular the 
sums in (1.1) vanish if p and qg are both odd. 

From (5.1) and similar results we can prove the theorem: 


THEOREM 3. If y(n) is a character modulo k, and p, q, r, k are 
positive integers, then 


(i) if x(n) ts even and p, q, k are all odd, 


rqak 


> x(njexp(n*zip/gk) = 0; 


n=1 
(ii) of x(n) ts even and p, q, k are not all odd, 


rak ak 
x(njexp(n*®zip/gk) = r > y(n)exp(n?zip/qk); 
1 n=1 


(iii) of x(n) is odd and p, q, k are all odd, 
qk 


qk 
2 nx(njexp(n*xip/gk) = 4gk > x(njexp(n*xip/ak), 


n= 


rqk k 
) ny(n)exp(n*xip/gk) = (—)'*4r $ ny(n)exp(n?zip/gk); 
1 


n= n=1 
(iv) if x(n) ts odd and p, q, k are not all odd, 
ak 
S x(n)exp(n*zip/gqk) = 0, 
n=1 


rqk gk 
s ny(n)exp(n*xip/gqk) = r < ny(n)exp(n*xtp/qk). 
n=1 


n=1 





A THEOREM ON HAUSDORFF’S METHODS 
OF SUMMATION 


By W. H. J. FUCHS (Swansea) 
[Received 23 February 1944] 


1. Introduction. A sequence {s,} is said to be ‘summable by the 
Hausdorff method 7 with moments p,, (7’ ~ p,,)’, if 


n n n—k 
— /[n ; nN S n—k 
t, -———! S (7) A” hu, = (;) (— ] »( p Jone 
0 0 


k p=0 


i 
tends to a limit as n tends to infinity.+| The product of 7 ~ py, and 
S ~ yu), is again a Hausdorff method and ST = TS ~ p, pw). I say 
that the method 7} is at least as sirong as the method T, (T, 2 T;), if 
every sequence of real numbers summed by 7} is also summed by 
T,. A method is regular, if it is at least as strong as ordinary con- 
vergence. 

Generalizing results of Rogosinski I shall prove 

THeoreM 1. Let T,~p® and T, ~ pw be regular Hausdorff 
methods. Then T, 2 T,, if and only if T, = OT,, where © is a regular 
Hausdorff method. 

The sufficiency part of the theorem is trivial. The necessity of the 
condition has been proved by Rogosinski for the case when p + 0 
with at most a finite number of exceptions.{ For ‘reasonable’ 
methods all the moments are different from zero, and in this case 
the result has been known for some time.§ Even so Theorem 1 may 
be of some interest because it gives great logical simplicity to the 
theory of strength of regular Hausdorff methods. 

It is well known that the method 7' ~ yp, is regular if and only 
if the », are moment constants of a function of bounded variation 
(b.v.),|| 


1 
p, = [ Mayo. 


0 


1 

We write T(z) = | t df(t) (1.1) 
0 

+ For the theory of Hausdorff methods see (5) and (6). I follow the notation 

of (6). All methods of summation occurring in this paper are Hausdorff 


methods. 
t (6), 171, Theorem 2. § See e.g. (9), 122. || (5), 98. 
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for the ‘Mellin transform’ (M.t.) associated with 7. Then yp, = T'(n). 
We can state Theorem 1 in the form 7, 2 7, if and only if 


T,(n) = O(n)T,(n) (n = 0, 1, 2,...). 
By Carlson’s theorem it follows that 
T,(z) = O(2)T,(2). 


This leads to the following formulation of Theorem 1. Jf 7, and T, 
are regular, then T, 2 T, of and only if T,(z)/T,(z) ts a Mellin transform. 

The function (1.1) is regular and bounded in Rz > 0. If it has 
zeros at the points b,, b,,... of the positive real axis, then ¥ b>1< 00 
by Carleman’s formula.+ Theorem 1 is therefore a consequence of 

THEoREM 2. Let T, ~ ph, T, ~ p®. If uw + 0 except forn = ay, 
My,... (1 < ay < ay < ...)} where } a>} < o, then T, 2 T, implies that 
T, = OT,, where © is regular. 

We exclude here and in the sequel the trivial case p, = 0 (n > 1); 
when pu!) = 0 (n > 1), every sequence is summed by 7}. It is easily 
seen that Theorem 1 is true in this case. 

Theorem 2 proves a little more than necessary, since 7, and 7, no 


longer need to be regular. 
It can be shown that the conclusion of Theorem 2 ceases to hold, 


if } a;>1 diverges too rapidly.§ The question remains open whether 
the condition on the a, of Theorem 2 is best possible. 

Theorem 1 (and a fortiori Theorem 2) is false for ‘continuous 
Hausdorff methods’ defined by transformations of the type 


1 
t(x) = | 8(axt) dyb(t). 

0 
A Gegenbeispiel is provided by the ‘Euler methods’ FZ, (1 < a) for 
which ¢(x) = s(a/x). All these methods are obviously equivalent to 
ordinary convergence E,. But it is easily verified that the quotient 
of the M.t. is 

E,(z)/E,(2) = a*. 

This function is unbounded in the right half-plane, so that it cannot 
be an M.t. Therefore Theorem 1 is not true in this case.|| 


tT (2). 

t A change in the value of y{” does not affect the strength of 7, ((6), 170). 
We may therefore assume yp? + 0. 

§ (4), 196. || This Gegenbeispiel is taken from (7), 345. 

3695.16 F 
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2. Notation and Lemmas. In this section I summarize the main 
abbreviations and state a few lemmas. 

Integrals with unspecified limits are to be taken from 0 to 1. All 
numbers are real, unless otherwise stated. 

We write V for the normed, linear space of functions (¢) of b.v. 
(0 <t <1) with ¥(1) = 0. The norm in V is defined by ||| = J |dif}. 
By G we denote the sub-space of absolutely continuous (a.c.) func- 
tions g(t) of V. The functions of V satisfying 


[ t% dy(t)= 0 (v=1, 2...) 


form the sub-space V*, and G* is the space of all a.c. functions in V*. 
The first two lemmas are well-known theorems on linear opera- 
tions. 


Lemma 1. (i) Let h,(t), h,(t),... be integrable functions. The equations 


[ x(t)h,(t) dt = «, (& =1, 2,...) 


ny 


can be satisfied by a measurable function x(t) with essential upper bound 
|a(t)| < K, if and only if, for every finite set of X, 


| > Ano! < K [ | > Ag A,(t)| at. 
(ii) The equations 
[ apt) = By (k = 0,1, 2....) 


can be satisfied by a function y(t) with f ldeb| < K if and only tf, for 
every finite set of x, 
| I Ap Br| < K max | > A, t|.5 
0<t<1 


|x| is M, then 


Lemma 2. Jf a(t) is measurable, and the essential upper bound 


A(g) = | v(t)g’ (t) dt (2.1) 


defines a linear functional in the space G. The norm of this functional 
sites ead up. bd. |4(g)| ig? = I. (2.2) 
9€G;g40 
Every linear functional defined for all g of G and satisfying (2.2) can 
be represented in the form (2.1). 


+ The a, are the same as in Theorem 2. 
t For a proof see (1), 74-5. 
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The transformation g > g’ defines an isomorphism between G and 
LI (0,1). For the latter space the result is well known.t 

The next lemma is closely related to the results of (3) and essen- 
tially contained in them. I give the proof (found without any know- 
ledge of (3)), because I require the estimate (2.3). 


Lemna 3. If the linear functional (2.1) vanishes for every g of G*, 
then ™ 
a(t) = 2A, (p.p.). 
Further, |A,| < MC,, 
where C,, depends on the a, only and 

lim CV = 1, 


v-> 2 


Proof. We observe first that 
1. bd. [ la(t)+ A, t%| dt = 0, 
as the A vary through all finite sets of values. For otherwise 


e<f |a(t)t+ SA, t| dt 


. 


for some positive c and all finite sets of the A. But, by Lemma 1 (i), 
this implies that the equations 


f ag’) dt = c, | 9’) dt=0 (v=l, 2...) 
have an integrable solution g’(t). This contradicts our hypothesis. 


We can therefore find a sequence of polynomials P,(t) = > At 
such that 


J la—P,| dt < Mn- (n=l, 2....). 
Then 


12a = | P| | f Pay a 
f 0 


t t 
< | la—P,| du + [ jal du < 2M, 
0 0 


and so 1Q,,|? dt < 4M*. It follows immediately from calculations 
given in (8) that A”) < MC, (2.4) 


where C, = 2v2(a,+2)! T] a De , 
pF ie 


+ (1), 61-5. 
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In the same way we deduce from 


1Qn—Qml < f la—P,| dt + [ Ja—Pp,| dt << M(n-4+-m-) 


that [MY —N™| < $M (n-1+-m-H)C,, 
By Cauchy’s test A, = limA™ (2.5) 


exists for every v 
Next we prove (2.3). 


C= 2vo(a,+2) | | x I] x 


Vv 


[@ute+3) 


a,—Ay 





t 
PY Ay<ay<2dy Ap>2ay' 


If p(v) is the number of a, for which a, < a, < 2a,, then 


a _ (2@,+2)P — pa 


Ay <Ay,< 2a, 


(v—1)! | RR | | 
< (3 (a,-+-2))> id (3(a, 2 (2.6) 


Also, 
log(l+2)<a («>0) and —log(l—xz)< 2x (0<2a< }). 


Hence 


Il a IT] (2 ad oar = exp(O(a, > 2") (2.7) 


Ay 2dy 
Asv+>o, 
v/a, > 0, p(v)/a,>0 and } azo. 
Ay> 2ay 
Since lim y"¥ = 1, (2.3) follows from (2.6) and (2.7). 


yon 


The proof of the lemma is now very simple. > C,t~ converges 

1 
for every positive ¢ less than 1. By (2.4) and (2.5), P,(é) tends to 
> A,t” uniformly in 0 < t < 1—6 for every 5 > 0 (majorized con- 


eaiiaied. Therefore 


1-8 1—8 

| la(t)— } A, t%| dt = lim J Is —P,(t)| dt = 0. 

0 nO 2 A 
It follows that a(t) = > ys (p.p.) 


and the lemma is aici 


3. In this section I show that Theorem 2 is a consequence of 
Lemma 4 stated below. 
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I use the same notation as in the statement of Theorem 2. Con- 

sidering real and imaginary parts separately we may suppose that 

the moments of 7, and 7) are real. If 7, 2 7;, then p@ = 0 implies 

py = 0, by Lemma 1 of (6). We can therefore find a yi of constants 
fi 

OS Han ene Loe (3.1) 


When n ¥ a, (v = 1, 2,...), ¥»_ is uniquely determined; when n = a,, 
Yn may have any value. 

If S ~o, is any Hausdorff method, 7, 2 7, implies 7, 8 2 7, 8. 
For the S-transform of any sequence is summed by 7,, if it is summed 
by 7,. In particular, let T’~ y,, be any regular Hausdorff method 
with p», = 0 for n = ay, ay,....— If the o, are chosen so that 

bn = po, (n= 0, 1, 2....), 
then 7, S ~ po, = p,, is regular and therefore 


TS ~ BP On = Yn Bon = Yn bn 
is also regular. In other words, the sequence {y,} has the property 

[A] Whenever T ~ p,, is regular and p,, = 0 (n = ay, Gg,...), then 
T" ~ Yn by 18 also regular. 

Theorem 2 is a consequence of 

Lemna 4. If the sequence {y,} has the property [A], then 

= [ mdgit) (n #4,). 

For, by (3.1), 7, = O7,, where 0 ~ f t” d¢ is regular. 

4. Since the proof of Lemma 4 is fairly long, I first give an outline 
’ of it, postponing all details to later sections. 

In order to prove Lemma 4 we study the transformation 
IM: Ln —>Ynbn: By hypothesis, MM associates with every function ¥% 
of V* (moment constants ,,) another function x = xy of V* (moment 
constants y, ,). If x is normalized by 

x(t) = 4[xt—0)+x(t+0)], —_x(1) = 0, 
then xy is uniquely determined by the uniqueness theorem for the 
moment problem in a finite interval. The transformation ¢ > x is 
obviously distributive and homogeneous, i.e. 
Xorw = XetXw> —- Xo = OXy- 
+ Such methods exist, apart from the trivial one yz, = 0 (nm > 1). See (2). 
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I shall prove that it is also continuous. This is equivalent to proving 
that there is a constant M such that 


[ ldxl < Uf |ayl. (4.1) 


It follows that, for any fixed x (0 < x < 1), x(x) = x(x;#) isa linear 
functional of % in V* with norm at most M. In particular it is a 
linear functional y(x;qg) in the linear sub-space G* of V*. But G* is 
also a sub-space of the space G. By a known theorem the functional 
x(x;g) can be extended to a functional A(x;g) of the same norm 
defined in the whole space G.t By Lemma 2 it can be represented 
in the form 


A(w;g) = | a(x, t)g'(t) dt, (4.2) 

where a(x, ¢) is a measurable function of ¢ for every x in (0,1) and 
ja(x,t)| < M (p.p. in ¢ for every 2). (4.3) 
For g(t) of G* A(a;g) = x(«39)- (4.4) 


The functional A(x;g) is not uniquely determined. We shall find 
that it is possible to choose it in such a way that a(x, ¢) is a function 


of x/t only, i.e. a(a,t) = Bla/t), (4.5) 
where B(w) = 90 (wD>1). (4.6) 
With this special choice of a(z, t), 

A(x) = A(x3g) = [ acy (x/t)g’(t)dt (ge @). (4.7) 
I shall show that | \dA| <M a \g’| dt. (4.8) 


Multiplying (4.7) by —kax*-1 (k > 1) and integrating with respect to 
x from 0 to 1 gives 


[= dA(x) = —k [ x(a) dx 
1 


= —k | ak-l dx | B(sx/t)g’(t) dt 
t 

= —k f g'(t) dt [ x*-*B(x/t) dx (by Fubini’s theorem) 
0 


= —k | g’ (t)t® dt | wk-1B(w) dw 
= Pere (k 21), (4.9) 
T (1), 55. 
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where pu; is the kth moment constant of g. If g is in G*, f x* dA(x) 
is the kth moment constant of A(x) = x(x), so that 


| a dA (a) = yx My- 
Hence Je=vVe (bk #a,;k D1). 
Lemma 4 will be proved if we can show that 
= | tdalt) (k >1) (4.10) 


(changing the value of a(0), if necessary, we can make f da(t) = yp). 


Let 


galt) = {att (l—I/n <t <1), 
and write A,(x) for A(x;g,). By (4.7) and (4.8), A,(1)=0 and 
f \dA,| << M f \g,,| dt = M. By a well-known theorem due to 
Helly} there is a sub-sequence {A,,} of the A, tending to a function 
a(x) of total variation at most M. Obviously a(1) = 0. By bounded 
convergence 


i) ak dA,(z) = —k f ak-14 (x) dx > —k / vk-la(x) da = f ak da(z). 
(4.11) 


But, by (4.9), i} ak dA,,(x) = Fy f tg’ (t) dt, (4.12) 


and it is easily seen that 


f #gn(t) dt>1 asn>oo. 


Hence (4.10) follows from (4.11) and (4.12). 
It remains to prove (4.1), (4.5), (4.6), (4.8). 


5. Proof of (4.1). We write Vf for the set of % belonging to V* 
with J |dxb| <1. Since M is homogeneous, it is enough to prove that 
[ l@xl << 

for ¢ of Vf. 

Let 8 be the set of polynomials P(t) = > A,¢* with |P()| <1 
(0 <t<1). The hypothesis of Lemma 4 can be stated as follows. 
If Pe VP, py, = fe dys, then 

up. bd. |F(P, #)| = up. bd. |X Axyemel = MY) <0. (6.1) 


+ See (9), 29. 
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For, in virtue of Lemma I (ii), (5.1) is a necessary and sufficient 
condition for the existence of a function x(t) with 


Yntn = | dx, | |dx| < MY). 


We must prove M(s) << M 
Suppose this were not the case. Then there is a P, of 8 and a y, 
of V¥ such that for given M, 


[FP Pn)| > Mn (5.2) 
We may also suppose that 
(Pas Pn)! > et bd. | F( (F,, #)|. (5.3) 


For the right-hand side is certainly finite and, if (5.3) is not true 
to start with, we can replace %, by another ¢ satisfying (5.3). 

Let a, > 0, . 
a, = 1, > a, < $a,- 


n+1 


HMMs 


We choose in succession M,, y,, P,,..., M,, %,, P,,..., 80 that (5.2) and 
(5.3) are satisfied for every n and at the same ens 


a,M,>0,  M, > 3a;!max{M(y,)}, 
p<n 


where M(y,,) is defined by (5.1) with p= y,. Let 7 => o¥,. 
1 
Obviously » € Vf. 


|F(P,; ml = [FE 1» Pn) + F( m2 ies Py, ¥ a4 Hy) 








"SIF Py, 


=> An Py Pn)|—maxi M( $,) S' ay— F(P,, tn)| > 0% 
> 2a, |F(P, Ome M,, > ta, M,, > 0 


> | an By) 
Pa an Bn 





-> a 


=- 


as n> 00. This contradicts |F(P,,)| < M(n), and (4.1) is proved. 


6. Proof of (4.5). If the transformation I transforms the func- 
tion g(t) of G* (moment constants p,,) into the function x(x) of V* 
(moment constants y, u,), then it transforms 

g(t/u) (t< a), x(z/u) (<u), 
J u(t) — into Xu(®) = (6.1) 
0 (u<xt<l) 0 (u< 2). 
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For g,, has the moment constants yp, u”, and y,, the moment constants 
Yn bn U". By (4.2) and (4.4), 


Xu(te) = x(a) = [ a(uer, t)g,(t) dt 
0 (6.2) 
= | o(uar, ut)g’(t) dt. 


Subtracting this from (4.2) we find that 
{a(x,t)—a(uax, ut)}g’(t)dt = 0 (ge G*). 
By Lemma 3, for fixed x and u, 


a(x, t)—a(ux, ut) = > Au, x)t% (p.p. int) 


and |A,(u, z)| < 2MC,. 
Replacing x by ux, t by ut, and wu by v in (6.4) gives 


a(ux, ut)—a(uvx, uvt) = s Av, ux)ju%t® (p.p.) (6.5) 
1 


for fixed x, u, v. Adding (6.4) and (6.5), we get 
a(x, t)—a(urx, wt) = > A, (wv, x)t% 

= TA (u,2)+A(v,uxlu%}% (p-p.). 

This is possible only if, for every v, 
A, (uv, 2)—A,(u, x) = A,(v, ux)u®. (6.6) 

Hence |A,(uv,x)—A,(u,x)| << 2MC,u% <« for u< u(v,e) and all 
v <1. By Cauchy’s test 

lim A,(u, x) = A,(x) 

u—0 
exists for every x. Also 

lim{a(z, t)—a(ua, ut)} = lim > A,(u, xt = FA,(xjt* (p.p.), 


by majorized convergence. Letting v tend to 0 in (6.6) we have 
Aj(w, «) = Aya) —A, (mar)u%, 
Substituting this value in (6.4) gives, for almost all ¢, 
a(x, t)— > A,(x)t = a(ua, ut)— > A,(wa)(ut). (6.7) 
The value of «(x,t) may be altered in a null set of ¢, for a fixed z, 


since this does not affect the functional (4.2). I show that a(x, ¢) can 
be changed in a null set of ¢ for every x in such a way that 


a(x, t)— > A,(x)t% = B(x/t) (6.8) 
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is a function of x/t only. First, let ¢ belong to the interval J,:t < z. 
In (6.7) replace x by 1, ¢ by t/x, u by x. Then 
a(x, t)— > A,(xt% = a(1,t/x)— DS A,(1)(t/z)* (te), (6.9) 
provided that a(x, ¢) is suitably changed in a null set Z,c 4. Simi- 
larly in [,: 2.12 < t < 2% 
a(a,t)— > A,(x)t = a(2-, 2-"t/x)— } A,(2-")(2-"t/x)™ (te L,), 
(6.10) 
provided that a(x, t) is changed in a null set EZ, c I,. Since H = > E, 
is a null set, (6.9) and (6.10) prove (6.8). 
For every value of x (0 < # <1) A(x/t) is a measurable function 
of ¢(0 << ¢< 1). It follows at once that 8(w) is measurable in w > 0. 
Replacing x by ux, t by wt in (6.8) and letting uw tend to 0 through 
an enumerable sequence of values, we find from (6.8) and (4.3) that 
|B(x/t)|} << M (p.p in ¢). (6.11) 
Also, for g of G*, 


J a(x, t)g’(t) dt = | a(ua, ut)g’(t) dt, (by (6.3)), 
= | (Bla/t)+ EA,(uxyuorterig’(t) at 
= | B(a/t)g’(t) dt + > A,(ua)u% | tg" (t) dt 
= | Bla/t)g’(o at, (6.12) 


by the definition of G*. The term-by-term integration of the series 
is legitimate by uniform convergence. These results (6.12) and (6.11) 
show that we may replace a(x, t) in (4.2) by B(x/t). 


7. Proof of (4.6). If g,, is defined by (6.1), then, when x > u, 


Xu(t) = 0 = ut | Bla/t)g'(t/u) dt 
0 


= | Bla/ut)g’(t) at, 
ive. | Bib’) dt=0 («>1,geG*). 
By Lemma 3, 
B(x/t) = > A,(x)t% (p.p. in t; x >1) 
= YA,(vxjvt (p.p. int; 21<v<1) (7.1) 
IAy)|< MC, (y>1). 
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Hence A, (va)(var)% = A, (2x). 
Let y = vx tend to 1. Then 

lim A,(y) = A, = Aja), A,(2) = Aya. 
Using this in (7.1) we have 

B(x/t) = SA,(t/x)* (p.p. in t; x > 1), 
i.e. B(w) = SA,w-*% (p.p.; w > 1). (7.2) 
Now, if g € G*, then, by Fubini’s theorem, 
—4, J g’(t) dt | B(a/t)x%— da = —a, | axel dx i} B(a/t)g’(t) dt 
= —a, | ax%vly (x) da 


= | x dx(a) = ¥0, Ha, = 0. 
By Lemma 3, 
| B(x/t)u%— dx = > Fulvio (p.p. in #), 
B 
for any v. But 
1/t 


J Ple/t)e% de = t% | B(eo)o%-* dew 


2 1jt 


(<3) 


-elf+] 


= t% {const.—A, log ¢} + > Ap _ gay, (7.4) 
per a,— ay, 


using (7.2) 
By a simple uniqueness theorem for expansions of the form 


wD r 
t ¥ c,,, (log t)P, 
2 # & Cup (logt) 
(7.3) and (7.4) imply A, = 0. 
This is true for every value of v and so, by (7.2), 


Bw) = 90 (p.p.; w > 1), 
which is (4.6). 


8. Proof of (4.8). Let g(t) belong to G* and let x(x) be the trans- 
form of g by M. For any division 
§:0<4,<a4<..< 2% <1 
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and any choice of signs «, = +1, 


|S <rfxl@,)—x(2,a)}| < ¥ Ix@,)—x(2,2)! < M lll 


by (4.1). For fixed § the first sum is a linear functional in G* and, 
by the argument leading to (4.2), 


> efx(e,)—x@a)} = f lB. 09/0) at, 
In(H,t)| <M (p.p.). 
Also, by (4.2) and (4.5), 


S erlx(0)—x(@rad} = f  « (Blor/t) Ble s/t)" a 
The poy 8 
= | {<(B(@,/)—B@,-/t))—n(G,t)}o'(t) dt 
is a linear function in G (Lemma 2) with 
IC(g)| < (2n+1)M |g|| and Ciyg)=0 (eG). 
Hence, by Lemma 3, 
> <{B(x,/t)—B(x,+/t)} = (H,t)+ YAH” (p-p. in d), 
IA(G,)| < (2n-+1)MC,. 
Replacing § by u§, i.e. x, by ux,, we obtain 
> <{B(x,/t)—B(a,-/t)}} = n(uhH, ut)+ ¥ A,(wH)(ut)* (p-p.), 
where In| <M (p.p. in 4), |A,| < (2n+1)MC,. 
Letting uw tend to 0 through an enumerable sequence we find that 
| > <{B(x,/t)—B(a,-/t)}| <M (p.p. in ¢). 
Since this is true for all 2” choices of the e,, 
> |B(2,/t)—B(x,-4/t)| <M (p.p. in 2). 
By (4.2), (4.5), (8.1) 
| \@4| = up. bd. ¥ |A(@,)—A(@,.)| 


up. bd. {  |B(x,/t)—Bl«,s/t)| |9'(t)| at 
Mt \gll, 


S 
< 


and (4.8) is proved. 
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SOME SOLUTIONS OF THE HODOGRAPH EQUATION 
GOVERNING THE TWO-DIMENSIONAL FLOW OF A 
COMPRESSIBLE FLUID 


By 8. D. DAYMOND (Liverpool) 
[Received 19 July 1944] 


In general, the region of steady two-dimensional flow of a com- 
pressible fluid consists of both subsonic and supersonic regions, which 
are such that in the former the speed of the fluid is at each point 
less than the local speed of sound, while in the latter the opposite 
is the case. Thus the curve which separates these regions, the so- 
called sonic curve, is the locus of points in the plane at which the 
local speed of sound is attained by the fluid. When the spatial 
coordinates are the independent variables, and the pressure-density 
relationship is adiabatic, the differential equations for the stream- 
function and velocity-potential are both of the second order and 
non-linear. Also they are elliptic or hyperbolic in type according as 
the fluid motion is subsonic or supersonic. 

In the two-dimensional hodograph method, introduced in a memoir 
by Tchapliguine* and later applied to particular types of problems 
on subsonic motion, the independent variables are either the two 
components of velocity, or the speed and an angle defining direction 
of motion at the point concerned. The resulting second-order dif- 
ferential equations for the stream-function and velocity-potential are 
both linear. Their general solutions are not known, but some 
interesting particular solutions have been discussed} with the object 
in view of investigating the properties of the associated fluid motion. 

In the present application of the hodograph method the two 
differential equations mentioned above are briefly deduced in §1, as 
is also a normal solution of importance in particular problems.{ In 
connexion with the normal solution original equations expressing 
the correspondence between the plane of cartesian coordinates and 
the hodograph plane are obtained in § 2. Finally, in § 3, some further 
particular solutions for the stream-function are found, two of which 
are described in some detail. In one case the associated motion is 

* Scientific Ann. Univ. Moscow, 21 (1904), 1-121. 


+ Cf. e.g., W. Tollmien, Zetts. f. angew. Math. u. Mech. 17 (1937), 117-36. 
t Cf. e.g., B. Demtchenko, Publ. Math. Univ. Belgrade, 2 (1933). 
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entirely subsonic, in the other the field of flow may include also a 
limited supersonic region. 

The notation employed is as follows. 

The fluid velocity at (x,y) is v and is inclined to the z-axis at an 
angle 6; the stream-function and velocity-potential are y, ¢ re- 
spectively; the pressure is p, the density o, where p/oY is constant; 
a = (yp/c)* is the local speed of sound; a), o, denote the speed of 
sound and the density where the local speed of sound is attained by 
the fluid, i.e. on the sonic curve. Also 


p=a/o, A=G = (v/a), w= (y—1A(y+1), v= 1/pa. 
1. Bernoulli’s equation 
$v?+- | 2 .. constant 
Cc 
can be written in the form 
2py-t — 2a*/aB = (y+1)—(y—1. (1.1) 


The equation of continuity and the condition for irrotational motion 
are both satisfied if the velocity components are expressed in the 
form 

pyeos 0 = %, pqsin@ = -# 


q cos 6 = %, qsind = 


Thus dé = qcos 6 dx +qsin 0 dy, 


dys = —pqsin 6 dx +-pq cos 6 dy, 
and therefore, if we consider ¢ and % to be functions of A and @, 


de = aif (008 @—"ynsin e dv+ (e003 0“ dpsin 0) as}, (1.2) 


dy = rif (sin 0+“ 008 e dd + (tosin d+“ 00s g ad), (1.3) 


where subscripts denote partial derivatives. 

Since the right-hand sides of (1.2) and (1.3) must be perfect 
differentials, we have, on applying the usual conditions and simpli- 
fying 
. : 1)(1—A 

d= i ey (1.4) 
and dp = ah (1.5) 
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[The identities 

p’ = dp/dA = —}p?” and v’ = dv/dX = —(y+1)(1—A)/4p7A# 
are useful in carrying out the above simplifications, and in subsequent 
calculations. | 

Thus the differential equation for the stream-function is 

2 RAB) +I)A—D) OH _ 
OA\p aA 8Ap” 06? : 
and that for the velocity-potential 
8 [ Ap” 4) | (y+1)p Hb _ 
@A\1—A @A 8A 6b? 
Obviously (1.6) has a solution of the form 
pb = A+ BO+ > tn: 
where wb, = f,(A)sin(2n0+-a,), 
and f,, is such that 
d [Aw\ _ n%(y+1)(1—A) 
aie = — 1.8 
dX Cr.) 2ApY Sn: ( ) 
Substituting A”g,,(A) for f,,(A) and pw for (y—1)A/(y+1), we have 
” | 1 n(2n-+1 
MI —p)gn+ I f 2n-+1)—(2n-+1—— \ at (3 a 1g, = 0, 
(1.9) 
where dashes denote differentiation with respect to p. 
Thus, if g, is finite at » = 0, A= 0, it must be proportional to 
the hypergeometric function 
P(A), On Ons M)s (1.10) 
where 
nl? 
a,+b, = 2n———, a = a otha C, = 2n+1. 
y—1 y—1 
(1.11) 
In any case, however, if g(u) is one solution of (1.9), the other 
independent solution is 
[ p ap as (1.12) 
a . wT ” 

2. When the stream-function is that given by (1.7), the coordinates 
can be found by integration of (1.2) and (1.3). Substituting for ¢) 
and dg from (1.4) and (1.5), and v for 1/pA*, we have 

dx = (v'yg cos 6—vp) sin 8) dA +-(2Avy) cos O—vygsin @)d@, (2.1) 
dy = (v's sin 6+) cos 8) dA + (2Avy sin O-+-vyig cos 8) dA. (2.2) 
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The term % = A+ Bé occurring in ¢ contributes to x and y 
respectively 
2) = Bvcosé+constant and y, = Byvsin#é+constant. (2.3) 


re tb = Yn = falA)sin(2n0-+2,). 

After some simplification, (2.1) gives 

dix = {(v'nf,,+4vf’)c0s(2n+10-+c.,)-+('nf,—4vf,) cos(2n—10-+a,,)}dA+ 
+{(Avf, —vnf,, )sin(2n+ 10+) + (Avf;-+-vnf, )sin(2n—10+-a,)}d0. 

. Thus the corresponding contribution to x is given by 


cos(2n+ 16-+-«,,) 


2n+1 - 





z, = X0)—{vfy—vnfy) 


, cos(2n— 10+-a,,) 
+ Qof,+ynf,) SSER— A Fen) 





Since, from (1.8), 
d - ae —_ ’ 
ofa) = Ife 20*'fy 


it is clear, when @x,/2A as obtained from the last expression is 
identified with the coefficient of dA in the previous line, that X is a 
constant. In a similar way y,,(A, 6) is determined. We have finally, 
corresponding to the stream-function (1.7), 


T= Xt Le, Y=Yot LY (2.4) 
where 2p, Yp are given by (2.3) and 


ty = Hf Of —nfy) SORE 0) + af, + nf,) ESA 














oa io sin(2n+10+a,) sin(2n— 160+-«,) 
tn = —( fe —rfy) Ee) af, tf) 


(2.5) 


the arbitrary additive constants involved in z,, y, being absorbed 
in those occurring in the expressions for 2, Yo. 

The stream-function (1.7) and the equations (2.4) giving the corre- 
spondence between the plane of cartesian coordinates and the hodo- 
graph plane are sufficient for the formal solution of the type of 
problem referred to in the introduction. In such a case n takes 
positive integral values and f,,(A) is to be expressed in terms of a 


hypergeometric function as explained above. 
3695.16 
G 
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When n = }, the expressions for ~x,,, y,, cannot be obtained directly 
from (2.5) but they follow easily by integration of (2.1) and (2.2). 
These expressions are quoted in one of the following particular 
solutions. 


3. Apart from the trivial solution, ¢ = % = A+ Bé, of (1.6), 
some particular solutions can be derived from an investigation of 
the hypergeometric equation (1.9). It may be mentioned, however, 
that the motion corresponding to % = y, and (2.3) is that due to a 
‘source’, since the equation of continuity, v(z2?-+-y?)! = constant, and 
the condition for straight concurrent streamlines are satisfied. 

The function (1.10) can be identified in a special case with the 


function F(a,b;b;) = (1—p)-*. 
It will be seen from (1.11) that b,, and c, are equal only when n = y 
(unless n = —3, in which case b, = c, = 0). Thus a solution corre- 


sponds to 

a = Ys a, = —y/(y—1), b, =o == 2y+1, 
and g,,(u) = (l—)”""-», which is proportional to p’. In this case 
therefore the solution may be written 


ys = (Ap)” sin 20. (3.1) 
Another solution for this value of m can, by (1.12), be written 
= (p” | A-1-27p1-2v da)sin 20. (3.2) 


The coordinates can be obtained in each case from (2.5), with 
n = y and the appropriate expression for f,(A). Here (3.1) corre- 
sponds to motion within a closed region containing the origin, while 
that represented by (3.2) is inside a region which excludes the origin. 
In each case the family of streamlines is symmetrical with respect 
to the z-axis, and it includes, for —7 < @< 7a, the concurrent 
straight lines whose directions are given by 6 = +7/2y, +7/y. 

The only case in which (1.9) has a solution of the form p™ is when 
n = 3; the solution is then »~1. The corresponding solution of (1.8) 
is A-+. The second independent solution, given by (1.12), is 


po | p du, ie. p(l—p)hy-h, 


which is proportional to A-!p”; the appropriate solution of (1.8) is 
A-*p”. 
Evaluating the coordinates by means of (1.2) and (1.3), and 
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choosing arbitrary constants ew, we may write these two 
particular solutions 


(i) ~ = A-p”sin# 
(ii) x = (y+ INlogA+(1 +7 00s 20 


(iii) y= —2y0+(1 + *)sin 20 


(i) % = 2A-sin#d 
x = I(A)+-(pA)-1 cos 20 
y = (pA)-'sin 26 


1 
where I(A) = | 7 dé. 
A 


Any singular points on the curves % = constant must lie also on 
the envelope of the curves A = constant (i.e. on the curves of con- 
stant speed), for the coordinates of these singular points are such that 


© Yo—XQY, = O, 
which equation, together with (ii) and (iii), represents the above 
envelope. By means of (2.1) and (2.2) this equation can be put in 


~— BAPpyWR+ (y-+1)(1= Ay = 0, (3.5) 
which shows that such singular points are possible only in the super- 
sonic region, in which A > 1. 

In the discussion of the fluid motions represented by (3.3) and 
(3.4) the assumed value of y is that for dry atmospheric air, namely 
1-405. With regard to the solution (3.3), the streamlines on which 
7 has positive constant values, and also curves on which A is constant 
(i.e. A-curves), are shown in Fig. 1; the figure is symmetrical about 
the line y = —zry, on which 6 = 37. 

The curves A = constant, the broken curves in the figure, are por- 
tions of trochoids and are shown for A = 1, 2, 3 and (y+1)/(y—1); 
the latter curve, a cycloid with cusps at C, determines the limit up 
to which Bernoulli’s equation can apply. The relevant portion of the 
envelope, accentuated in the figure, has zero slope at the points C, 
and has cusps just inside the loops of the trochoid A = 1. Its equa- 
tion is given by (ii) and (iii) of (3.3) and, in accordance with (3.5), 
y+A+y+1 
MAF 2y+I) * 


cos 20 = 
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The extent to which the motion may be supersonic whilst still 
irrotational is determined by the envelope of the A-curves. Our 
theoretical results show that each streamline for which % < 0-15, 





Fic. 1. A-curves, their envelope, and the streamlines (Solution (3.3)). 


approximately, meets the envelope twice and also intersects itself, 
such a streamline having a pair of cusps on the envelope (Fig. 2). 
This is clearly not possible physically. Either the assumption of 
irrotational flow ceases to be valid in the region lying within the 


A=1 
‘ 








Fic. 2. Enlargement of Fig. 1 in the neighbourhood of the envelope. 
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cusp of the envelope, or the physical nature of the flow is such that 
discontinuities of pressure and 
speed occur at the envelope. Out- 
side these forbidden regions, how- 
ever, where (3.3) is applicable, there 
is a region in which the flow is 
supersonic and irrotational. The 
maximum value of A in this region 
is 2-65, approximately, correspond- 
ing to v/a = 2-00. This maximum 
specific speed occurs at the inter- 
section of the streamline ¢ = 0-15 
with y = —7y, the axis of sym- 
metry of Fig. 1. 

Fig. 3 shows the streamlines 
% = 2, 3, 4, 5, and the curves for 
which A = 1-0, 0-6, 0-4, 0-2, in the 
motion represented by (3.4). The 
A-curves are the circles 





— T(r)2-+y? = (pdA)-2. Fic. 3. A-curves and streamlines 
( I} Ty (pA) (Solution (3.4)). 


As A increases from 0-2 to 2-0, J(A) diminishes as shown in the 
following table: 
A02 04 06 O8 1-0 1-2 1-4 1-6 1-8 2-0 
I 0-583 0-365 0-221 0-104 0-000 —0-088 —0-194 —0-290 —0-390 —0-496 


As A increases from unity, the radius of the A-circle diminishes from 
unity to a minimum when A = (y+-1)/y, and then increases steadily. 
The envelope of the A-circles, symmetrical with respect to the z-axis, 
has cusps at the points for which A = 2, and extends from them to 
x= —O, y= +0. 

When A > 1, the curves % = constant therefore intersect the critical 
streamline % = 2 (see Fig. 3) and each other. Thus inside the region 
bounded by this streamline the flow represented by (3.4) is not 
physically possible; outside this region, where the latter equations 
are applicable, the flow is nowhere supersonic although the local 
speed of sound is just attained at the point (—1, 0). 

















ON THE DEFINITION AND VALUE OF THE AREA 
OF A SURFACE 


By A. 8. BESICOVITCH (Cambridge) 
[Received 30 June 1944] 


New methods in the theory of functions of a real variable have 
naturally brought the problem of the area of a surface to prominence. 
Schwarz had already discovered a fallacy in the definition of the 
area as the limit of the area of an inscribed polyhedron, showing 
that such a limit does not exist. However, as surfaces considered 
at that time were those with a continuously varying tangential 
plane, the fallacy in the definition never led to any fallacy in 
defining the actual value of the area, and the definition itself was 
amended in a satisfactory way. 

With the new methods in the theory of functions, much more 
general classes of surfaces became subjects of study, and the old 
definition in its amended form became unsuitable. Then Lebesgue 
gave his definition of the area as the lower limit of areas of a sequence 
of polyhedra converging to the surface. At that moment the defini- 
tion seemed to be very natural and satisfactory. The necessity of 
considering tangential planes was avoided and the definition was 
intuitively acceptable. 

The definition was later modified by Fréchet. It was mainly 
meant for surfaces homeomorphic with a disk and did not aim at 
and was not suitable for giving some kind of measure to sets different 
from surfaces, for instance to Peano curves as was indicated by 
Geécze.* 

Then came the second phase in the development of the methods 
of measure. In 1914 Carathéodory defined p-dimensional measure 
in g-dimensional space, and he showed that the length of a rectifiable 
curve coincides with its one-dimensional measure. 

A similar problem on the connexion of the area and the two- 
dimensional measure of a surface is of obvious importance and yet 
no step towards its solution has been made. In spite of extensive 


* Rado has pointed out that in the case of a plane area whose boundary 
is a Jordan curve of positive plane measure the definition gives the value of 


the interior area. 
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and important work on the area of a surface that has been done 
since 1902 by Lebesgue, Geécze, W. H. Young, Burkill, Tonelli, 
Fréchet, Rado, Morrey, McShane, Reichelderfer and others, the 
problem of the area has remained completely detached from that 
of measure. This gap by itself would be bad enough, but as a matter 
of fact the position is much worse. 

In studying the relation between the values of Lebesgue-Fréchet 
area and the Carathéodory two-dimensional measure, I arrived first 
at cases where these two values are different. This alone would not 
be a serious matter, but then I constructed a surface homeomorphic 
with a disk, for which Lebesgue-Fréchet value of area is finite, and 
which considered as a set of points in the three-dimensional space 
has a positive (three-dimensional) Lebesgue measure. The same 
construction gives also an example of a solid homeomorphic to a 
sphere, whose surface has arbitrarily small area in the Lebesgue- 
Fréchet sense, and whose volume is arbitrarily large. In all these 
cases the surfaces can be given in a parametric form so that the 
L.-F. area is expressible by the well-known integral. This shows 
that the Lebesgue-Fréchet definition cannot be retained and that all 
the results obtained from this definition have to be done anew. 

The position differs in each of the two classes of the problem. In 
the case of surfaces given parametrically the results have to be 
abandoned together with the definition, just because of their ‘com- 
pleteness’. The results for this class of surfaces obtained during the 
last ten years are that, whenever the surface has a finite Lebesgue- 
Fréchet area, it is expressible by the well-known integral. These 
results have to go, together with the definition. 

In the case of surfaces given by the equation z = f(x,y) I consider 
the set Eg of points {x,y,f(x,y)} where G, a plane measurable set, 
is the projection of Zg on the plane z = 0. It is shown that, if the 
function f(x,y) is absolutely continuous in the Tonelli sense, then, 
denoting by A? the Carathéodory two-dimensional measure, we have 


A*Bg = [{ J(L+f8-+f%) dady. 
G 


In particular when G is a rectangle we have the Tonelli case. 

As a side-issue an example is given of a surface EH (A?H < 00) that 
has no kind of a generalized tangential plane at a set Z, of its points 
such that A?#, > 0. 
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1. Let A be a cube of side unity. Divide it into 8 equal cubes 
and inside each of them construct a concentric cube with sides 


parallel to the sides of A and each one of volume 5 ‘3 Denote these 


cubes by A; (i = 1, 2,..., 8). These cubes are isolated from one 
another. Now divide each cube A, into eight equal cubes and inside 
each of them construct a concentric cube with sides parallel to those 
of A and of volume >a ry Denote these cubes by A; ; (¢ = 1, 2,..., 8). 
‘ 1 
Similarly we construct cubes A; ,;; (¢ = 1, 2,..., 8) of volume — 


and so on. We have a decreasing sequence of sets 


A, > A;, : > , 
i,=1,...,8 i,=1,...,8 
i2=1,..., 8 


Let D be the limit of this sequence. The three-dimensional Lebesgue 
measure of D is obviously 3. We shall denote as usual by || the 
Lebesgue measure of the set H, so that it is one-dimensional measure 
in case of a linear set, two-dimensional measure in case of a plane 
set, and so on. We can write 
; |D| = 

On a side of the cube A take a square B and inside B eight isolated 
squares C; (i = 1, 2,...,8). Similarly on a side of the cube A; ;._ ;, 
take a square B;,;, and inside it eight isolated squares C,, 
(2 = 1, 2,..., 8). We write 


Tantgt 


8 

B= = B- 36, Bivinncis = Bistnte— 2X Cisimine 
so that B; , ;, is a square with eight square holes in it. Join every 
square C, to the square B; by a pipe c; whose surface consists of 
plane quadrangles and triangles, so that all c; are inside A and 
outside A, (i = 1, 2,...,8) and do not meet. Similarly, join every 
square Ci... ipi t0 tee 1 square B, ,,; by a pipe c,, ;,;, 80 that all the 
eight pipes c,_;,; (« = 1, 2,..., 8) lie inside A, , ., and outside A; 
(¢ = lI, 3... 8) and do not maui. Consider the aateis 


71...0K7 


gecep — Ng Dyce = i gE A peerpD = — i hg = Agee 


> ee os | pooss 3 a peony § 


Obviously we can construct the squares and the pipes so that the 
area of P’ may be as small as we please. 
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P’ is not a closed set of points. Denote by P its closure so that 
P= P’+P". No point outside any of the cubes A, ,, belongs to 
P", since the part of P’ outside the cubes > A, ;, is a polyhedral 
surface that has no limit points outside itself. On the other hand, 
each one of our cubes has points in common with P’ and, therefore, 
every point of D is a limit-point of P’. Thus P” = D. Therefore 
The three-dimensional Lebesgue measure of P is }, i.e. |P| = }. 

The set P is a surface homeomorphic with a square. We shall 
define a topological representation of P on a square. Let I be a 
square of side unity. Construct on it eight isolated pairs of con- 
centric squares [’;, T, (i = 1, 2,..., 8), T, inside T,. Similarly on each 
square [, construct eight isolated pairs of concentric squares I, ,, 
T, ; (« = 1, 2,..., 8), and so on. Write 


i,7 


, 
r 4.4% — | 2 oh tumint 
bel 


so that I’, I; ,, are squares with eight square holes in each of them. 


We shall assume that the total area of } T;,_;, tends to 0 as k > 00. 


Write further 
r = Il’+II’, 


where Il” = lim > 3 ae |I11”| = 0. 

We shall call a topological representation of a set U on a set V 
quasi-linear if V can be represented as the sum } JV, so that, on 
each V,, coordinates of points of U are linear functions of the co- 
ordinates of the corresponding points of V,. Obviously there exist 
quasi-linear representations of B’ on I’. Take one of them. It fixes 
a correspondence on outer and inner boundaries of B’ and I’. We 
can now define a quasi-linear representation of every pipe c; on the 
figure T,—I, so that on the outer boundary of I; it coincides with 
the one that has been established before. We proceed similarly 
establishing a quasi-linear representation of Bj, on T,, of ¢;,;, on 
;,,,,-Tl,,;,, of Bj,;, on T;,;, and so on, always taking care that the 
consecutive representations coincide on the boundaries. In this way 
P’ is represented on II’. Representation of P” on II” is extended by 
the continuity principle. 

Denoting by wu, v coordinates of points of I’, let the functions 


a=flu,v) y=g(u,v), 2=h(u,r) 
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express the above representation. These functions are finitely dif- 
ferentiable at almost all points of I’, and the integral 


O(a, y)\? 
J) {Mees +] aa 
extended over [ represents the area of P’. 


We shall now define a sequence P,, of polyhedral surfaces in the 
following way. Write 
= B+ > + : Bi,+ > Ciigt Zz Bite + : Ci. tg t > Me 45 
= Pat p Bi, intass® 
The additional sum in P, seals the holes of P’,, so that P, is a con- 
tinuous polyhedral surface, whose boundary is that of the square 
B and consequently that of the surface P. We shall represent P, 
on I’ by representing P; in the same way as was done in the case of 
the surface P and then representing the squares B;  , ;,,, linearly 


on the squares T; ;,.. Let the functions of the representation be 


-tn+1 


—— Sn(U; v), y= In(U, v), 22> h,,(u, v). 


Obviously the sequences of the functions f,,(u,v), g,(u,v), h,(u, v) 
tend uniformly to f(u,v), g(u,v), h(u,v). The area of P, tends to 


that of P’ and therefore, according to the Lebesgue-Fréchet defini- 
tion, the area of P is less than or equal to that of P’ and thus is 
finite. Thus the Lebesgue-Fréchet definition leads to a position 
where a surface, whose three-dimensional Lebesgue measure is equal 
to 4, has a finite area. 

Another consequence of the definition is this. Close the surface P 
from the top by a pyramid of base B and of small height. We shall 
get a closed surface. The area of the surface in the Lebesgue-F réchet 
sense may be as small as we please and yet the volume is greater than 3. 


Remark. We shall now modify the construction of the surface P. 
We take the same cube as before and we construct 8 cubes A, in 
the same way as before, except that we shall change their size, so 
as to have their total surface equal to that of A. Similarly in each 
A, we construct 3* cubes A; ,,, we construct 4° 
cubes A, ;,;, and so on, always so that the total surface of all 
A,;,.i, is equal to that of A. As before denote by D the limit of the 
set -_ 


430 2.0% 
imei °° 


then in each A; 


tits 
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as noo. In this case A*D is positive and finite. In fact it lies 
between the limits $7 and }r. Now the surface P = P’+P” is 
defined with the obvious modifications. As before A?P’, and conse- 
quently A?P, can be assumed finite and yet it can be shown that at 
almost all points of P” no kind of tangential plane exists. As a 
matter of fact, at almost all points x of P” the upper density of the 
set P” in any cone of vertex z is positive. 


2. Denote by c(a,r) and S(a,r) respectively the circle and the 
sphere of centre a and of radius r. We have the theorem 

THEOREM 1. Jf c(a;,r;) (¢ = 1, 2, 3) are three coplanar circles such 
that the centre of no one of them is inside another one and 

"2% D>, 4,43 < P75, a, 43 < Fr, (1) 
then the angle 4,434, > 38°. 
The proof is left to the reader. 

CoroLuary 1. If S(a;,7;) (¢ = 1, 2, 3) are three spheres such that 
the centre of no one of them is inside another, and if the conditions 
(1) are satisfied, then the angle a,a,a, > 38°. 

CoROLLARY 2. Given a sphere S(a,r) and a number of spheres 
S(a;,7;) (t = 1, 2,..., &) satisfying the conditions 

(i) the centre of no one of the spheres S(a,r), S(a;,7;) is inside 
another, 


(ii) rary; 


and aa;<#r (t= 1, 2.,..., k), 
2 


aS ae a ne A 
1—cos 19° = 


then bk < 


THEOREM 2. If c(a;,r;) (i = 1, 2, 3) are three coplanar circles, such 
that the centre of no one of them is inside another, the circles c(a,,1,), 
C(@, 72) meet C(ag, 73), and 

™ 2% D>Xs, a4; > $75, 4,43 > 31, 
then the angle a, 43,4, > 28°. 
The proof is left to the reader. 


CorRoLLARY. Given a sphere S(a,7) and a number of spheres 
S(a;,r;) (¢ = 1, 2,..., ky) satisfying the conditions 

(i) the centre of no one of the spheres S(a,r) and S(a;,r;) is inside 
another, 

(ii) each sphere S(a,,7;) meets the sphere S(a,r), 

(iii) r<r, and aa,>é%r (t= 1, 2,..., k,), 
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2 

— bs < Tone” 

THEOREM 3. Given a sphere S(a,r) and spheres S(a;,1r;) (¢ = 1, 2,..., k) 
satisfying the conditions 

(i) the centre of no one of the spheres S(a,r), S(a;,r;) 18 inside 
another, 

(ii) each sphere S(a;,1r;) meets the sphere S(a,r), 

(iii) r,>r 
then k < 36+ 67 = 108. 

The theorem follows immediately from Corollary 2 of Theorem 1 
and the corollary of Theorem 2. 


ky < 67. 


Lemma 1. Given a sequence of spheres 
S(a;,r;) (i = 1, 2,...) 
satisfying the conditions 

(i) T_ 2%e Fle ZF ms 

(ii) the centre of no one of the spheres is inside another, 
then the sequence can be divided into 104 sub-sequences C; (j = 1, 
2,..., 104) such that no pair of spheres belonging to the same sub-sequence 
have points in common. 

Proof. First take S(a,,7,) to C,, S(a@,,72) to C,,..., S(@y94; 1194) to 
Cio4. By Theorem 3 the sphere S(a495, 7395) cannot meet all the 
preceding spheres and, consequently, there is at least one C; whose 
sphere does not meet S(@495, 7395). Then we take S(@,95, 7495) to such 
C;. After the first n (> 105) spheres have been distributed between 
C,,..., Cyog we see again that, by Theorem 3, S(a,,,,7,4,) cannot 
meet more than 103 of the preceding spheres and, consequently, 
there is at least one C; whose spheres do not meet S(@,43,%4;). Take 
it to such C;. This proves that the required distribution of the spheres 
is possible. 

Given a set E of points in the coordinate space, we denote by 
P(E) the orthogonal projection of the set H on the plane z = 0. 


DEFINITION 1. Given an open plane set Q, consider all decomposi- 
tions 9 = > Q; of Q into a finite or an enumerable set of subsets. 


Then the number 
l(Q) = 1. bd. ¥ dQ,, 


where dQ, is the diameter of Q;, is called the linear extension of Q. 
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DEFINITION 2. Linear extension of any plane set Q is defined as 
the linear extension of the set of all the interior points of Q. 
DEFINITION 3. Linear extension of a three-dimensional set EZ is 
defined as the linear extension of its projection on the plane z = 0, 
a \E) = KP(E)}. 
Denote by E the surface z = f(x,y), where f(x,y) is a continuous 


function defined in the rectangle R [a<x<b,c<y<dj. Take 
a sphere S(a,p) such that its projection c{¢(«), p} is included in R. 


Lemma 2. The set of all the points of E inside S(«, p) can be included 
in a set U of spheres such that 2 r? < 4pl,, where 1, = KES(«, p)} 


and > r® denotes the sum of squares of the radii of all the spheres of U. 
0 


Proof. The set of all the points of # that are inside S(«,p) can be 
included in a set of vertical cylinders (not necessarily circular) of 
total width less than J,+« (meaning by width of a cylinder the 
diameter of its base), each one of height 2p. Any such cylinder of 
width A can be included in a prism of base a square of side A and 
height 2p, and any such prism can be included in a set of less than 4p/A 
spheres of radius A. For this set 


sr< Py = 4pA, 
and the lemma follows. 


We shall now suppose that f(x,y) is given in a rectangle R’, 
a<a<bFie<y<d a’ <a<b<b'*,c<c<d<d), inclu- 
ding the rectangle R, and that it is absolutely continuous in the 
Tonelli sense: that is 

(i) f(x,y) is an absolutely continuous function of x for almost all 
values of y, and an absolutely continuous function of y for almost 
all values of x; 


(i) [J WO+A)+VA-+9)} dedy < 00. 
R 
Given a set G in space we shall denote by K(@) the value of the 
integral 
ii - [f WO+8)+VA+S9} dedy. 


P(EG) 
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Remark. Note that f J(1+f2) dady is the integral with respect 
R 
to y of the length of the section of the surface by a variable plane 
perpendicular to the Y-axis, a similar thing being true for the integral 
extended over any domain. 
LEMMA 3. K{S(a, 2p)} > pl{ ES(a, p)}. 
The proof follows from the following two propositions. 

Prop. (i). Ur) = KES(a,r)} 
is a non-decreasing function of r. 

Prop. (ii). For any r, and for r' > r and sufficiently near r 

K{S8'(a, r')—S'(a,r)} > (r’—r)l(r), 
where S'(a,r) denotes the interior of the sphere S(a,r). 

Prop. (i) is obvious; Prop. (ii) can be proved in the following way. 
The set of interior points of P{HS(a,r)} consists of a finite or 
enumerable set of connected open domains, disjoint from one another. 
Taking the closure of each of them, we obtain a finite or an enumer- 
able set of closed domains, disjoint from one another. (Of course it 
may happen that the closures of a number of disjoint open domains 
form one closed domain.) The sum of the diameters of all these 
closed domains is greater than or equal to I(r). Take a finite number 
of these domains so that the sum of their diameters is greater than 
l(r)/v2. Let the domains be D* (i = 1, 2,..., k) and their diameters 
be dé (¢ = 1, 2,..., k). Let 8 > 0 be the shortest distance between a 
pair of points belonging to two different domains. Projection of Dé 
on at least one of the two axes OX, OY is greater than or equal to 
d‘/V2. Let it be the projection on OY. Denote it by (yi, y{) so that 
yi,—yi, > d'/v2. For any y’ (yi < y’ < y}) denote by zi(y’), xi(y’) the 
smallest and the largest values of x for which (x, y’) € D'. Take now 
r’ such that 0 < r’—r < }8 and define the numbers x}'(y’) < 2i(y’) 
and 2j(y’) > xi(y’) so that the arc of the curve z = f(x,y’) (y’ con- 
stant) from 2x}/(y’) to xi(y’) and the arc from a{(y’) to aii(y’) are each 
of length equal to r’—r. Each such arc lies inside the sphere S(a,r’) 
except possibly its end point, and no point of it lies inside S(a,r). 
Ares corresponding to different D‘ do not meet, because the length of 
each arc is less than $6 while the distance between any pair of domains 
is not less than 5. Denote by D’ the domain D‘ increased by the 
intervals 


{xiH(y’), xi(y’)} and {axb(y’), af(y’)} 
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on any line y = y’, not including the beginning of the first one and 
the end of the second one. By the definition of x/‘(y’), x3(y’), 
ri(y’) xy’) 


[ VQ+s2)dx = [ J+) dx =r'—r. 


xy’) zi(y’) 
Consequently, 
[f WO+R)+VO+} dedy > 20°’ —ry(y¥i—yi) 
ae > V2(r’—r)dD*. 


The sets D’'—D* (i = 1, 2,..., k) do not overlap and all are included 
in P{ES'(a,r’')— ES'(a,r)} = P(r’,r). Therefore 


K{S'(a,r')—8'(a,r)} = [[ WA+S2)+ V+ fp)} dedy 


P(?’,r) 


> ff WOR +V+S9)} dedy 


Edi-vy 
k 
> (r’—r)v2 > dDt 
1 


> (r’—r)l(r). 
This completes the proof. 

Lemma 4. The set of the points a of E at which 
7 — K{S(a,r)} _ 1 
lim ae < 73 
is of Carathéodory two-dimensional measure zero. 

As before, the surface EH’ is defined by the equation z = f(x,y) in 
a rectangle R’ including the rectangle FR in its interior. Our proof 
refers to the part EH of EH’ corresponding to the rectangle R, but it 
is convenient to have the surface extended beyond R. 

Take a sequence of positive numbers €, > €. > ..., €, > 0. Denote 
by U(8, £) any set of spheres, of diameter less than 6, including the 
whole of Z. We assume that the projections of all the spheres are 
within R’. Write 

lbd. > wf®=T, (0< I, <o@) 
U(2-*, E) 
and take a U(2-*, Z) = U* such that 


yar < Tittee (1) 
Write U* = U*+Uk, where any sphere S(a,r) of U* belongs to U¥ 
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or to U% according as {ES(a,r)} > 4r or < }r. If a sphere S(a,r) 
belongs to Uf, then by Lemma 2 the set of points of ES(a,r) can 
be included in a set V of spheres S(a’,r’) such that 

3? < f*. 

4 


Replace every sphere of U$ by such a set V of spheres. Then the 
set U§ of spheres is replaced by a set U;* such that 
EUE c UF, 
and > ar? << 3 > a’. 
Us Ut 


We have U*+ U¥ > E and consequently 
> a+ > ar > I. 
UF On 
By (1), (2), (3), Dat? < ty 
Let UO = lim Ui. 
We have A2U = 0 and, writing EL U = £,, 
A?K, = 0. 

Let now a be an arbitrary point of H—E,. It belongs to an infinite 
number of sets U¥. Consequently there exists an infinite sequence 
S(a,,7r,) of spheres including a and such that 

r,>0, and KES(a,,r,)} > 4dr,- 
By Lemma 3, K{S(a,,, 2r,,)} > 92. 
Now S(a, 3r,) > S(a,, 2r,) and consequently 
K{S(a, 3r,)} > dre = 22372)? 
fim A156, Mo 


a5. 
‘ 


and thus 


This completes the proof. 
Remark. If (4) is satisfied at a point a, then 
K{S(a, 2-)} 1 1 
peat “oe pee te cm 5 
Q-m 4x72 * ~ 300 ©) 
for infinitely many integral values of n, and consequently this holds 
for almost all points of £. 
Lemma 5. If H (c R) is an open set and Ey the part of E projected 
aoe A°EBy < 10°K(Ey).* (6) 


* AE is defined as lim }z > (dA,)? for all decompositions A = > A;, and 
dA;—> 0. ay 
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Proof. Denote by E, the set of the points of Z, at which (4) is 
not satisfied, so that A?H, = 0. Given « > 0 and o > 0, include all 
the points of EZ, in a set U, of spheres of radii < $p and such that 


2 mr <e. (7) 


To any point a € (E,,— E,) correspond an infinite number of positive 
integers n for which the following conditions are satisfied 

> on 
K{S(a,2-*)} 1 


: . (8 
2- 300°) 


2-" < hp, P{S(a, 2-")} c H, 
Denote by E” the set of all those points of Z,,—Z, for which the 
smallest value of n satisfying (8) is v. 

Then Ez—Ey => FE’. 

Mtl 

Let a, be an arbitrary point of H”*'; construct the sphere 
S, = S(a,,2-"e-1). Let a, be a point of H+! outside or on the 
surface of S,; define the sphere S, = S(a,,2-"e-1). Let a, be a 
point of #’s+! not inside one of the spheres S,, S,; define the sphere 
S, = S(a, 2-”e-1) and so on. In this way all the points of H’+! will 
be included in a finite number of spheres, say 7,. Let a; ,,, then, be 
an arbitrary point of H’e+? that is not inside one of the spheres 
S,, S,,...,8;,. Define the sphere S; ,, = S(a;,,,, 2-”e-*), and soon. In 
this way all the points of Z,,—H, will be included in the sequence 
U, of spheres S,, 8,,... . 

The set of spheres U,+ U, includes all the points of H,. Now the 
spheres of the sequence U, satisfy the conditions of Lemma 1, and 
therefore the sequence U, can be represented as the sum 

U, «30 
1 2k 
of 104 sub-sequences C;, such that no pair of spheres belonging to 
the same sub-sequence have points in common. As each sphere 
S(a,r) of C,, satisfies (8), that is 
r? < 300K{S(a, r)}, 


we have > ar? < 3007 ¥ K{S(a,r)}. 
Cr Cr 
But as spheres of C;, have no points in common 
k 


3695.16 H 
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Hence 
> w= % ar? z > ar? < €+104.3007K (Ey). 


Uot Ui 


As this is true for any e, p, we ‘lect that 
APEy < 10°K(Ey), 
and the proof is complete. 


THEOREM 4. For any A? measurable set W in space, 
A?W > |P(W)|. 
The theorem follows in an obvious way from the definition of A?W. 


THEOREM 5. Given a circular cone A, all of whose generators form 
with the Z-axis an angle > 0, > 0, then there exists a finite constant 
K = K(6,) such that for any set B on A whose projection P(B) is an 


open set, A?B < K|P(B)|. 


The theorem is an immediate corollary of the fact that A?B in this 
case coincides with the value of the area of B in the usual sense. 
Given a plane ¢, not parallel to the Z-axis, a point a on ¢, and a 
positive number r, we shall denote by [t,a,r] the vertical cylinder 
through the circle in the plane ¢, whose centre is a and radius r. 


THEOREM 6. Let a be a point of E and t be the generalized tangential 
plane ata. If t is not parallel to the Z-axis, then 


tim AHL 07D 


r—>0 ar 


Proof. Let be the normal to ¢ at a. Take the circular cone, 
whose vertex is a and whose generators form an angle (}7—«)with n. 
Denote by A the part of the surface of the cone inside [t, a, 7] and write 
A = A,+Ay,, where A, is the part of the surface of the cone that 
lies above the plane t, and A, the part that lies below ¢. Denote 
further by B the part of A, that lies below E and the part of A, that 
lies above HZ. By the definition of the generalized tangential plane 


lim |P( B)| = 0 (8’) 


r—0 aT" 2 


for any « > 0, and, by Theorem 5, 


9 


4 


dal == 0, (9) 


r—0 ar 
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Denote by P(G,t) the orthogonal projection of G on t, while P(G@) 
denotes the orthogonal projection of G on z = 0. Writing 


W = H£et,a,r]+B (10) 
it can easily be seen that 
P(W,t) > P(A,, t)P(Ag, t). (11) 
Given » > 0, as small as we please, there exists a, > 0 such that, 
for any a < a, 


|P(A,,t)P(Ag, t)| > (l—)ar*. (12) 
We assume a to be less than a, and keeping it constant a number 
7) > 0 can be defined, such that for any r < ry 


ae ey. (13) 


By Theorem 4, A?W > |P(W,?t)|, 


and, by (11) and (12), 
A?W > (1—n)zr?. 
By (10) and (13), 
A*{ Eft, a, r}} > (1—2n)ar? 


for any r < 79, which proves the proposition. 


THEeoreM 7. Jf Gc R is an open set and Eg is the part of the 
surface E whose projection on z = 0 is G, then 
A*Eg = [ [ \L+f2+F3) dedy. 
Let 7 be an arbitrarily sunt Guill number. Since 
[[ WO+R)+ V+} dedy < 00, (14) 
there exists a pra number e such that, for any measurable set 


BCcet, 
105 [ [ {V(1+F2)+-V(L+9)} dady < 9 (15) 
H 


whenever |H| < e. 
Let G, c @ be a measurable set satisfying the following conditions: 
(i) every point of G, is a density point of G,; 
(ii) at every point of G, the generalized tangential plane to Hg 
exists; 
(iii) the functions f,, f, are continuous and bounded on Gj; 


(iv) |@| > |@|—te. 
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For every point a of Hg, we shall consider, just as before, the gene- 
ralized tangential plane t, the cylinder [t,a,r], the cone A = A,+A, 
whose axis is the normal to ¢ at a and whose generators form an 
angle }7—a« with the axis, and B will have the same meaning as 
before. Denote further by e(@,r), where @ is the projection of a, the 
base of the cylinder [t,a,r], i.e. the projection of the circle tS(a,r), 
so that e(d,r) is an ellipse whose centre is d. By (iii) there exists a 
positive number m such that, for all points of G,, the ratio of the 
smaller axis of e(@,7) to the larger is greater than m. We have from 
the definition of e(d, 7) 

N1+f2+iale(@,r)| = mr. (16) 
With every point @ of G, we associate ellipses e(d,r), satisfying the 
following conditions: 

(i+) e(a,r) c G and r < }p, where p is a fixed positive number as 
small as we please; 

(ii+) osef,/(1+f2+-f2), G,e(a, r)} < », where the expression on the 


6 


left-hand side denotes the oscillation of ,/(1+-/2+-f7) on G, e(@, r); 


(iii-+) IG, e(@, r)| > Te 
(iv+) S{a,r(1+7)}> A,+A, = A; 
(v+) \P(B)| < gq lela) 
(vi+) A*{ Eft, a,r]} > (1—n)ar?. 


By the definition of G,, (i+), (ii+-), (iii+) are obviously satisfied 
for sufficiently small r, and (iv+) is satisfied if the angle }1—a 
between the generators and the axis of the cone A is sufficiently 
near 37. It follows from (8’) that (v-+-) is satisfied for sufficiently small 
values of r, and from Theorem 6 that (vi+-) is satisfied for sufficiently 
small values of r. The set of all the ellipses defined in this way cover 
the set G, in the Vitali sense. Therefore a set @ of non-overlapping 
ellipses e(@, 7) can be chosen covering almost all points of G,. We have 

IG| < 1Q| < |G]. (17) 
Denote by 7’ the set of the cylinders [t,a,r |corresponding to all the 
ellipses of @. We have 

A®*Kg > > A*{ E[t, a, r]}. 
z> 


By (vi+), A*Eg > (1—n) 2 mr, (18) 
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where > zr? denotes the sum of values of zr? for the values of r 
Q 
corresponding to all the ellipses of Q. It follows from (16), (ii+-), 
(iii+), (15) that, for every ellipse e(a@,r) of Q, we have (when @ is a 
number between —1 and +1 and may have different values) 
ar? = J/(1+f2+fpalea, r)| 
= V1+f2+Fi)alG, eG, r)|(1+6n) 
= (146m) [f (JL+S3+S3)+-6n} dandy 


G, e(d,r) 


= (14+36n) [[ V(1+J2+f3) dady, 
G, e(4,r) 
and consequently 


> a7 = (14-309) ff \A+S+f9) dndy + 69. 
G 


By (18), A®Hq > (1—4) | [ (1+ f2+-f9) dedy—n, 
G 


and, as this holds for any y > 0, 
A*Bg > [{ V(1-+f3-+F3) decdy. (20) 
G 


We shall complete the proof by establishing an inequality of the 
opposite sense. 

Take any e(a@,r) € Q and the corresponding surface E[t,a,r]. By 
(iv-+-) the sphere S{a, r(1+-»)} includes all the points of Z correspond- 
ing to the set e(a,r)—P(B). Denote by S the set of the spheres 
S{a,r(1+-y)} corresponding to all the ellipses of Q. Denoting by d 
the diameter of every sphere of S, we have 


> frd? = (14-0)? 5 ar?. (21) 
© Q 
The set S contains all the points of Z corresponding to the points 


of the set G, = Q— > P(B). 


By (iv), (17), (v+), IG,| > |G\|—e. 
Writing G = 6,44, 
we have |G,| << . 


Including G; in an open set G; such that |G3| < «, we conclude 
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from (15) and from Lemma 5 that the set Eg, can be included in a 
set S’ of spheres of radii }p, such that 


> dard? < ». (22) 
7) 


Thus the whole of the set Hg is included in the set of spheres S+ 6’, 
whose diameters are less than p. 
By (19), (21), (22), 
> drd® = (14-660) | f /(1+f2+-F9) dendy +362. 
G 


S+S’ 
As this is true for any p and », we have 


A*Eg < [f \(1+fR+f%) dedy, (23) 
and the theorem follows from (20) and (23). 
The theorem can be immediately generalized to the case of any 
measurable set Gc R. 


[Added 15 June 1945.] Since I sent this paper for publication two 
papers by H. Federer on measure of a surface have appeared.* The 
author modifies Carathéodory’s definition of measure and proves that 
in the Tonelli case the measure thus defined is equal to the area. 
However, his measure is of an isolated nature, that is, it is not fitted 
into a continuous scale of measures of various dimensions and it is 
not clear whether it can be so fitted. Such a fitting should be a very 
essential feature of measure, since otherwise it is only very particular 
classes of sets that can be compared from the point of view of 
measure, all the other sets having measure equal either to 0 or to oo. 
Federer’s measure definitely cannot be fitted into the Hausdorff 
scale since a surface can be constructed whose Federer’s measure is 
finite, while the Hausdorff «-dimensional measure is equal to 00 for 
all «a < 3. 


* Trans. American Math. Soc. 55 (1944). 








ON EXPANSIONS IN EIGENFUNCTIONS (VII) 
By E. C. TITCHMARSH (Oxford) 
’ [Received 1 June 1944] 


1. IN a previous paper* I gave a proof of the eigenfunction ex- 
pansion associated with the differential equation 


TY fa(x)—Ny = 0 (0< 2 <a). (1.1) 
The function f(x) to be expanded was subject to rather heavy re- 
strictions including the existence of f’(x) and f’(x). The result was 
that the expansion was not merely convergent for any particular z, 
but absolutely and uniformly convergent over any finite interval. 
In the present paper I consider the situation when f(x) is not so 
restricted. In particular cases, such as the Hermite case, the expan- 
sion is valid under the same conditions as an ordinary Fourier series. 
It seems difficult to prove this more generally without imposing 
heavy restrictions on the function g(x). On the other hand, there is 
a quite general theorem involving summability of a certain type. It 
will be proved that, 
if q(x) is any function which tends steadily to infinity, and f(x) is 
L*(0,00), and the eigenvalues, eigenfunctions, and ‘Fourier coeffi- 
cients’ are X,,, w(x), and c,, then 


lim > sxc nl) = fr) (1.2) 


v> 2 


almost everywhere, and wherever f(x) is continuous. 


2. Before proving this theorem, the opportunity is taken of 
indicating some improvements which could be made in the previous 
argument. In the first place, the notation there used led to the 
- eigenvalues being negative in ordinary cases. To remedy this we 
now take as variable a A equivalent to the previous —w. Also the 
fundamental assumption of the previous paper (§ 5) was that the 
function (x, w) had only simple poles at points independent of x. 
A simpler assumption, which leads to the result in a more natural 
way, is that the function there called /,(w) is meromorphic. 


* E. C. Titchmarsh, Quart. J. of Math. (Oxford), 12 (1941), 33-50. 
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In its revised form the argument of the previous paper would 
begin as follows. 
Let ¢(a) = (x, A), O(a) = O(x, A) be the solutions of (1.1) such that 


¢(0) = sina, ¢'(0) = —cosa 


" (2.1) 
6(0) = cosa, 6’(0) = sina 


where a is real. It is known that these are integral functions of 2. 
We have 


W,(¢, 0) = Wi(¢, 8) = sin’a+cos*a = 1. 
The general solution of (1.1) is 
x)-+1p(2), 


where / is any real or complex number. We now consider those 
solutions which satisfy a real boundary condition at x = b, say 


[6(b)-+1(b) Joos B+[4’(b) +-14'(b)]sin B = 0, 


where f is real. For each b, as cot 8 varies, / describes a circle in the 
complex plane, say C,. We then prove, as in the previous paper, that, 
if A is not real, the circles C, converge as b > 00 either to a limit- 
circle or to a limit-point. If m ages the limit-point, or any point 
on the limit-circle, 6(a)-+-m¢(x) 2(0, 00), and 

° ‘a ” (m) 

[ |0(x)+md(x) |? dx < — > 

0 
where A = u-+iw. 

It is clear from the formulae of § 2 of the previous paper that 
l(A) = 1(A, 6, 8) is an analytic function of A, regular except on the real 
axis. Now on the circle OC, (if v > 0) 

b b b 
2 f pl2dx — f [0% de < | 0-+16|*de = — = 
0 


0 
Hence \l| < K(A, v, b). 


But the argument about the circles C, shows that, for a given A 
the region of the /-plane covered by the circles C, decreases as b 
increases. Hence /(A) converges boundedly in any region entirely in 
the upper (or lower) half of the A-plane. Hence its limit m(A) is 
analytic in either half-plane. 
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We now assume that the only singularities of m(A) are poles, say at 
Ag, Agyes 


Let ub(x, A) = O(x, A)+-m(A)d(z, A). (2.2) 
If f(x) is any function of L*(0, 00), let 


(x, A) = (e,A) { $y, ALY) dy+H(w,A) | HY,A)FY) dy. (2.3) 


As in § 3 of the previous paper, we have 


| (x, )[* de < 4 | fle) |? de. (2.4) 
0 0 


It follows from this that the poles of m(A) are all simple. Take 


_{1 0<a#<é<)), 
fie)={5 ese 


Then, for 1 < x < 2, 


é 
(x, 2) = (a, A) | Hy, A) dy. 
Hence (2.4) gives i 


2 é 1 
| WG.) /* dx | $y) dy) < 


1 
As A tends to a pole 4,,, the left-hand side is asymptotic to 


2 é 12 
lm(A)|? f Ibe, A,)|® da} [ (ys An) dy) « 
1 0 


We can clearly choose € so that the last integral does not vanish, 
and we should then obtain a contradiction if m(A) had a pole of 
order higher than the first. Let m(A) have the residue r,, at A,,. 


3. We have—e.g. by (2.2) of the previous paper—if A and ’ are 
not real, 


b 
(XA) | p(w, Apa, 2’) dr = Wofyhle, A(x, X’)}— We Gla A), @, A}. 
0 (3.1) 
From (2.1) we obtain 
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Making 6 > co, the second term on the right of (3.1) tends to 0, by 
(2.13) of the previous paper. Hence, making b > 0, 





[ ¥e@, Abba, 2’) dar = - ==). (3.2) 
In particular, if \’ = 4, 
| lyb(a, A) |? da = ——— (3.3) 
0 


Now let X,, be an eigenvalue, i.e. a pole of m(A), and let A’ = A,,+%v. 
Then for any fixed X, as v > 0, 

a 

|web(ar, A’)+-ar,, h(a, A,,) |? da > 0. 

0 
For the left-hand side is 


x 
|wO (a, A’)+-{vm(A’)+ ir, }b(x, r’)—ir, {h(a, r’)—4(x, A,,)} |? dx 


0 


rs x 
<v? ( |A(ax, A’) |® da + |vm(A’)+-tr,, [? |b(x, A’) |? da + 
f 0 
x 
+t | |b(x, A’) —(a, A,,) |? da, 
0 


and each term here clearly tends to 0. Also, by (3.3), 
[ |wyb(x, A’) |? da < |vm(r’)], 
0 
which is bounded as v > 0, since the pole of m(A) at A,, is simple. 
On multiplying (3.2) by iv/r,, and making v > 0, it therefore follows 
from Lemma y of the previous paper that ¢(,A,,) is L*?, and 


io 9) 


Ya 2) Ay) de = > (3.4) 





0 
If A tends to a different pole X,,, on multiplying this by 7v/r,, and 
making v > 0, we obtain 


[ o@, An)b(a,A,) dx = 0. (3.5) 
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If A tends to the same pole X,,, we have 
ee, vem | 
r,(A—A,) Tn 
and we obtain 
1 
Tn 


| 1o(e,a,) |? de = (3.6) 
0 


Hence the functions ¢,,(x) = r} ¢(x,A,,) form a normal orthogonal set 
over (0, 00). 

4. Let f(x) be any function of L£7(0,00), and define (x, A) by (2.3). 
Since ¢(x, A) is L*, the second integral in (2.3) converges, and in fact 
converges uniformly in any finite region entirely in the upper (or 
lower) half-plane. Hence ®(z, A) is analytic in either half-plane. 

Let X > x, and 


x x 
® x(z,A) = wp(a,A) | (ys A)f(y) dy+-$(x, A) | o(y, A) f(y) dy. 
0 x 
This function is clearly regular except at the points A,, where it 
has simple poles with residues 


x 
rn P(@An) [ $Y>Andfy) dy. 
Now 2 = 
1 x (0,2) —Ox(2,d)| = |e) [ oy. Ads) dy | 
| x | 
a 


Xx’ 
< 1#(2,2)if Fey. ari? ay | fei? dy}? < 
x 


x 


5 
v 


by (3.3), where 8 > 0 as X and X’ > 0, for a fixed 2, uniformly for 
A| < A. Using Lemma a of the previous paper, it follows that 
® (x, A) converges uniformly, as X > 00, in any finite region not con- 
taining any of the poles A,,. Hence (zx, A) is a single analytic function, 
regular except at the A,,. The residue of ®(x,A) at A, is the limit of 
that of Dy(x, A), and so is 


i 6) 


rn Gt, An) [ HY AdSY) dy = Cn pul), 


0 


where tC, = | trly)f(y) dy. 
0 
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We can now deduce as in the previous paper the following con- 
vergence theorem: 

Let f(x) and f" (x)—q(x) f(a) belong to L*(0, 00), and let f(x) satisfy the 
boundary conditions 


f(0)cos «+-f’(0)sin a = 0, (4.1) 
lim W{xp(a, A), f(x)} = 0. (4.2) 
Then I(x) = 3 C,%,(%) (0< 2% < oO), (4.3) 


the series being absolutely and uniformly convergent in any finite 
interval. 

In the previous paper this was deduced from the corresponding 
theorem on mean convergence; actually it is easy to prove it directly 
in a similar way. 

We next prove that, if A is not equal to any of the eigenvalues X,,,, 
and x(a) is any function of L*(0, 00), 

O(x,d) = SY Sntnl®) (4.4) 
a, A-A, 
If A is not real, this follows from the above theorem, as in § 8 of the 
previous paper. Also 
n(x) ' 
n=0 An—A| 
is convergent for every complex A, and hence also is uniformly con- 
vergent in any finite region of the A-plane not including any of the 
points A,. Since > ¢, is convergent, it follows that the series on the 
right of (4.4) is also uniformly convergent in any finite region not 
including any of the A,. It therefore follows from continuity that 
(4.4) holds if A has any real value other than the A,,. 


5. We now come to the main object of the paper, the summability 
theorem, and begin by proving a series of lemmas. 


LEMMA a. Let y be a solution of 
d*y 


oo a p(x)y 


where p(x) > 0 forx >. Let y(x) belong to L*(0,00). Then y and 
dy/dx have opposite signs, and tend steadily to zero as x > ©. 
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Suppose, for example, that y(x,) > 0. Then y’(%) < 0, or y would 
tend steadily to infinity, since it is convex downwards where it is 
positive. Thus y’(z) << 0 as long as y(x) >0. But y(x) cannot 
change sign; for, if 2, were its first zero, and y(x) < 0 for x just 
greater than x,, there would be a point z,+-5 such that 

y(x,+8) < 0, y'(x,+8) < 0. 
Hence y would decrease steadily past this point, and so tend to —oo 
(being convex upwards). This is impossible if y(x) is L*(axp9, 00). 

It follows that, for x >, y(x) > 0 and y’(x) <0. Hence y 
decreases steadily, and so tends to a limit, which must be zero. Since 
y"(x) > 0, y’(x) increases steadily, and so tends to a limit, which 
clearly must also be zero. 


6. Lemma f. Let the conditions of Lemma « be satisfied, and 
suppose also that p(x) is non-decreasing. Then, if y(x) > 0, 


ule) < ylesiexp| — f {ple} dg] (>a) (6.1) 


We have 
—y'(x)y"(x) = pla)y(x{—y"(x)} > Po)y(x){—y'(@)} (@ DB X)- 
Integrating from 2, to x, 
B{y’*(%o) —y'*(2)} > dp (Xo){y*(%o)—y*(21)}- 
Making x, > 00, and replacing 2, by x, it follows that 
y"*(x) > p(x)y*(2). 


Hence val > {p(a)}4. 


Integrating from 2, to x, ‘. 
log y(x)—log y(x) > | {p(€)}! aé, 
and (6.1) follows. e 
7. Lemma y. Let the conditions of Lemma 8 be satisfied for x > 0, 
and let y(0)cosa+y'(0)sina = 1 (7.1) 
where sina #0. Then, if p(0) > cosec?a, 


exp| — { {n(G)}* ae| pee 
gl) < lr — 
(pO)}¥isin a|—1 
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We have = |y‘(0)sina| < 1+ |y(0)| < 1+{p(0)}+|y’(0)|, 
by (6.2). Hence —_|y’(0)| < ———__ 

Also, by (6.1) and (6.2), 


ly@)l < (n(0)jexp| — { wey ae] 
0 


< ly/(O)i{o(0)}4exp| — | (n(6)} ae], 
and (7.2) follows. , 
8. Lemma 6. Under the same conditions 
ve) > eden e—saloe tig 
Suppose for example that y(x) is positive. Since p(x) is non- 
decreasing, 


—y'(x)y"(x) = ple)y(*i—y'(@)} < pe)y(@{—y'(@)} (@ < 2). 
Integrating from z to 2, 


bty*(x)—y(ay)} < 2p(%)ty*(@)—Yy*(*1)} 
< $p(%)y*(2). 
Writing temporarily a = {p(z,)}!, b = —y’(#,), this gives 
(zy < a*y?+b?. 
Yo d 
Hence Iz ayo 2) < U—X, 


where y, = y(%»). Hence 


Lo Yotv(yot+b?/a*) — 
— 10; | Wd ya “ai 
a y+ (y?+6?/a?) 


y+, [(v+ +a) > > luo (v8 +5 see" —0) > Qy, eee), (8,2) 


Also, since y is positive and convex downwards, 


y(x')— y(x) 
‘(x)| < or, ( 


—Xp, 


ly 0<2' <2). 
Taking x’ = x—1, this gives 


ly'(x)| < y(w—1). 
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Hence, taking 2, = x+-1 in (8.2), 


y(x) + ly*) +e ‘i a 2Y e-(p(z + a—z0) 
and (8.1) follows. 


9. Lemma ¢. Let y satisfy the above conditions, where now 
p(x) = t+-q(x) and q(x) is non-decreasing and independent of t. Then, 
if y(0) ts given, as t > 00, 


y(x) ~ y(Oje™ (9.1) 
uniformly in any fixed range of values of x. 
This follows at once from Lemmas § and 38. 


Lemma (. Under the same conditions, if (7.1) holds (instead of 
y(0) being given) 
e-wt 


y(t1)~ — (9.2) 


tsina 
It follows from (6.2), with « = 0, that |y’(0)/y(0)| is large for large 
i, and hence from (7.1) that y’(0) has the same sign as sina, if ¢ is 
large enough. Hence y(x) has the opposite sign to sina. Thus the 
sign in (9.2) is correct. It will then be sufficient to consider one case, 
e.g. that in which y(z) is positive. 
The required upper bound for y(x) follows at once from (7.2). 
Also (7.1) gives 
1 < |y(0)|+ |y’(0)sina| < {p(0)}-*|y’(0)|+ |y’(0)sin a 
by (6.2) with = 0. Hence 
, 1 
yO) > Great {ro} 
Also, if x, > 2, 


vie,)—ule) = | ¥'(@) ae 


= [-v'@le-OE+ | ver) ae 


= (a) a—2)+ f pl€)y(é)le—2) a, 


2X, 


y/(e) = MEV= YE) __* | veu(eve,—€) a6, 


%,—2z Ly 





xz 
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and hence 
ly (2)| < YO MED + (es —x)p(0,)y(2). 
Now, by (8.1), 5 
y(ay) > y(aje- "41 +-O(1/t)} 

if x and 2, lie in a fixed interval. Hence 

win < wal ol Dee 

(2)! < y@)| + of} + 07, —2)lay}| 

Taking (x,—2)¢t small and (#,—2x)é* large, e.g. x, = x+1-!, we 


obtain 
ly’(x)| < ty(z)(1+8) ft > t)(8)}. (9.4) 


The lower bound for y(x) implied by (9.2) now follows from (8.1), 
(9.4) and (9.3). 
10. Lemma 7. Let d(x, —#*) be the solution of 


qb _ fa(x) 4 0})4(c) 


da? 


such that ¢(0) = sina, ¢’'(0) = —cosa. Then, as t >, 


cosh xt sin «+ (7) (x ~ 0), (10.1) 


P(x) = inh xt a 
= = +0(5) (x = 0) (10.2) 
uniformly in any fixed x-interval. 

Formulae of this type have been given by many writers. We can 
prove (10.1) by taking u(x) = ¢(x)coseca and replacing p by it in 
the argument given by Ince (Ordinary Differential Equations, 
§ 11.4). We can prove (10.2) similarly. 

11. THeoreM. Let f(x) be L*(0,00), and let q(x) tend steadily to 
infinity with x. Then (1.2) holds for every value of x for which 

7 
[ \fa+y)—f(@)| dy = 0(n) (11.1) 
0 
as »->0. In particular (i) it holds almost everywhere, (ii) it holds 
wherever f(x) is continuous. 
In view of (4.4), it is sufficient to prove that, if (11.1) holds, then 


O(a, —#) ~ _. (11.2) 
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Now 


(x, —#) = (x, —#) [ $y, —P)fy) dyt 


+$(e, —#) | Hy, —P)fly) dy. 
By (2.1) and (2.2) . 
(0, —t?) = cos a+m(—#*)sin «, 
%'(0, —??) = sin a—m(—#*)cos a, 


so that 
4(0, —@*)cos a+y'(0, —é)sina = 1. (11.3) 


Suppose first that «#0. Then ¢(x,—i*) satisfies (10.1), and 
s(x, —é) satisfies (9.2), uniformly in any finite range. Also, by (7.2), 


He,t) = o[t-rexp{— f (e+6)}'ael] 


= O(e-*) 
for all 2 and sufficiently large ¢. Hence, if 5 > 0, 


a—8 


a2—& 
(a, —t?) | d(y, —&) f(y) dy = of = | o* fo) dy} = O(e-*), 


0 
and 


d(x, —#) [ dy, Py) dy 


x+8 
ed J r —2. r 2 $ — 
= of ea J e “dy | f (y) ay) = O(e-*). 


2+8 
Hence 


(x, —t) = oe, —#) [ $y, —P)fY) dy+ 
- 2+8 
+$(x,—#) f Wy, —#)fy) dy+Ole*) 
7 2+8 


= sefgce,—) f oy. —#) dy+gte,—e) f ey, —#) dy) + 
a—8 x 


+(e, —#) [ $y PY fY)—f@)} dy+ 
x—3 


x+68 


+$(x,—#) | vy, —#){fy)—fl@)} dy+O(e*). (11.4) 


3695.16 I 
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The coefficient of f(x) is asymptotic to 
P x r+8 ‘ 
eo oO = ev 1 
_ tev sin a dy—}e™ sin —— dy = ——+Ofe-"). 
tsin « | . “7 - | tsina ” at = 
z—8 x 





7 
Let x(n) = [ [fle+y)—f@)| dy. 


0 
Then the third term on the right of (11.4) is 
r+ 
ce. 
ole | Fue) i 


) 


of} | e~"4|fla+-u)—f(e)| au 


0 


8 
= of; [e-x(u)]°+ J e~™’x(u) du| 


8 
— uly au) 


0 
a O(e-*) +o; 1 ) 
Similarly for the second term. Altogether we obtain 


O(x, —#) = —!) +0(5), 


A similar argument holds in the case a = 0, by using (9.1) and 
(10.2). This proves the theorem. 














ON EXPANSIONS IN EIGENFUNCTIONS (VIII) 
By E. C. TITCHMARSH (Ozford) 
[Received 2 October 1944] 


1. Let q(x) be a function of x which increases steadily to infinity in 
(0,00), and let (x), %,(x),... be the eigenfunctions of the differential 


equation d 
oY + A—gla)hy = 0, (1.1) 


which satisfy a given boundary condition at x = 0. Let Ag, A,,... be 
the eigenvalues, and 


Cn = | Seba (a) de, 


the ‘Fourier coefficients’ of a function f(x) of L*(0, 00). 
It was proved in the previous paper* that the series > c, ¥,,(x) is 
‘summable almost everywhere to the sum f(x), in the sense that 


. = rT 
lim > FEA, oneal) = Sle). (1.2) 


In this paper I consider conditions under which the series converges 

in the ordinary sense. I now assume a good deal more about the 

function q(x), but the conditions are satisfied in all ordinary cases. 
Let g(x) be twice differentiable, and 


q(x) > 0, q(x) >0 (x > 0). (1.3) 
Let q(x) = O[ fq’ (a)}**). (1.4) 


The condition (1.4) implies a certain regularity in the growth of the 
function g(x), but does not restrict its rate of growth. It also gives 


q(x) = [ q"(t) dt-+-q'(0) 
: 0 
~ ol f awtta 
{ wo) | 
= O} {q'(x)}** [ q'(t)d 
i) few | 


= Of fa'(x)}**q(2)], 


g(x) = Of {a(x)}**}. (1.5) 
* See above, pp. 103-14. 
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The results are as follows. 


THEOREM 1. Let f(y) be L*(0,00), and f(y) = 0 in an interval of 
which x is an interior point. Then 


S cy Pn(x) = 0. 


THEOREM 2. Let f(y) be of bownded variation over an interval includ- 
ing the point x, and zero outside this interval. Then 


S ental) = Hfle+0)+f(e—0)} 


Combining the results, we clearly obtain 


THEOREM 3. Let f(y) be L*(0, 00), and let it be of bounded variation 
in an interval including the point x. Then 


catale) = Hyle+0)+fee—0}}. 


2. I begin by proving some lemmas on the eigenfunctions %,,(~). 
Let h,, be defined by g(h,,) = A,. We have 
b,( o,(2)+{r,— x)}p,(x) = = 0. (2. 1) 

For x < h,,, the coefficient of y,,(x) in (2.1) is positive. Hence y,,(x) is 
concave downwards where it is positive, and upwards where it is 
negative. Hence it has just one maximum or minimum between 
consecutive zeros. 

LemMA a. The successive maxima of \,,(x)| increase steadily in 
0<a2< A... 





ul n (2) 
Let w(x) = Pal) + yay’ 
Then w'(x) = Me ee > 


Hence w(x) is non-decreasing, and increasing except at isolated 
points. At a maximum of |, (x)|, ¥),(x) = 0, so that w(x) = Y2(z). 
The lemma clearly follows from this.* 

Lemna f. Let 7, o,... be the zeros of s,,(x). Then 


om A ie aa 
An—a(n) [2 
increases steadily with n, in (0, ty 
* See G. Szegé, Orthogonal Polynomials (American Math. Soc. Colloquium 
Publications, XXIII), 161. 
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pi? (a) 
A,—4(x) 


at X= 74, 7;---, this also follows from the above argument. 


Since w(x) = 


Lemma y. For any fixed x (or x in a fixed interval) 
Pr(X) = O(A} h;*). 
Let the succesive maxima and zeros of |y¥,(x%)| in the interval 


0<2< hh, be 
ee: << m < &2 << My. 


Consider a particular ,. By Lemma £, 


alm)! — 1 S_ Wala 
lAn—9(m,) |* Lp n'—p+1 é IA, —9(n,) | 
Since q(x) is convex downwards, 
q(3x) < g(x) +9(0)} < Fg(a) 


if x is large enough. Hence, if n is large enough, 
U(dhn) < Fgh») = Pp. 


: <<. 
Hence WWn(m)| < 2. n(n»). (2.2) 





Suppose, for example, that y,,(x) is positive between £, and »,. 


Then ~ % 


| hoe — | ae 
gy & 


Ny 
> x | {—i(x)} dx = —Yi(n,)/Ay. 
&y 


Nv 
Hence alms) <n f lbnle)| de. 
ty 
thin 


| IWa(x)| de 


Thus (2.2) gives 
’ 2A, 
nl)! S - ae 
0 
> in 
2A, . j 
< ial {yb,,(x)}* da | a] 
0 0 
25), ht 
apt) 
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Now let x be a given positive number. Let €,, £,,, be the nearest 
zeros of ¥,,(y) below and above x, and », the zero of ,(y) between 
é, and €,,,. Then |¥,(x)| < |¥%,(n,)|. Also it is clear from the 
argument of my paper ‘On the eigenvalues of differential equations’* 


that 
thn 


5 ] 
n'—n >= | Qy—ay)}* dy—O0) 
in 
7 


ry 


zx 


> Ah, ri (2.5) 


Hence ~ Yn(ny) = Osh, *) (2.6) 
and the result follows. The extension to an interval of values of x 


is obvious. 


Lemna 8. For any fixed x (or x in a fixed interval) 
$,(x) =F O(h,, *). 
Consider again an interval (é,, 7,) where 


os, (x) > 0, p(x) < 0, x < th,,. 
Then 
tn (x n(x) = {A, —9(x) hn (a){—Pp(x)} 


Sm 3A, $,(x){—,(x)}. 
Hence 
1 1 
| bn (x)ypp (a) dx > 3A, | $y (x){—,(x)} dx, 
bv éy 
Yn(ny) > BA, oil,). 
Hence, by (2.6), Yul) = O(hir4), 


and the result follows as before. 
It is easily verified that, in particular cases, these results are the 


best possible. For example, in the Hermite case, 
g(z) = 2, Ay = 2n-+1, hy = (2n-+1)), 


* J.of London Math. Soc. 19 (1944), 66-8. 
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so that Lemma 5 gives (x) = O(n-*). Actually 


e+"'H, (x) 
os, (x) = (n! 2"nt)t , 


! 
and,* forafixedz, H,(z) =O rari} 
©) = lpr) 
The same result follows from these formulae. 
3. Let N(x)+1 be the number of eigenvalues not exceeding 2x, so 
oat N(z) =n (Ay < 2% <A,). 


Let h(x) be the inverse function of g(x), so that A(A,,) = h,. Then 
h(r) 
Na) >= { Q—ga)} de—O1, (3.1) 
0 
For A = A,,, this is (2.3) of my last quoted paper.t ForA,_,<A<A,, 
if we denote the integral by J(A), 
N@) > NA,)—1 > 1A,)/n—O(1) > 1()/n—O(1) 
since J(A) is steadily increasing. 


LEMMA e. nr) 
1 
N@) <= | A+vA—g(a)}# de +0(1). 
0 
It is sufficient to prove this for each 4, Consider separately the 
intervals 0 < « < h,—6 and h,—8 < x <h,. In the former, com- 
pare the number of zeros of ¢,,(z) with the number of zeros of 


fA, + +A, —¢(x)}-teos f {A,+vA,—q(t)}* ay . 
0 


This function has a zero between any two consecutive zeros of y,,(x) 
if , ” 
oq'Xz) |, ag) ey 
16{A, + VAn—g(a)}*  4fAn + VAn—G(x)} 
for0 <2 <h,—8. This is true if 


5q’2(hh,—8) a 
16(A,—q(h,—B)** H,—g(h, 3) ~ 


* Szegé, loc. cit., 94. t J. of London Math. Soc. 19 (1944), 66-8. 
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Nn 
Now An — (ln —8) = | 9(0) dt > 8q'(hy—8). 
hyn—S 
5 g'(hn—8) 
= - t ft \Cn A}. 
Hence we wan 165? + 459’(h, —8) < Aj 
Let 6 = Az?. Then we want 
q’(h,—8) : 11}4 
ii, ¢'(h,—8) ~ 
i.e. q"(h,—8) < Wq(hn)}*q' (hn —8). 


This is true for sufficiently large h,, if 
q"(x) < RXg(x)}*q'(x) 
for sufficiently large x; and this follows from (1.4) and (1.5). 
Hence the number of zeros of y,,(2) in (0, h,,—8) does not exceed 
hn—5 
= | (+ vA, —9(t)}# dt +0(1). 
0 


In the interval (h,,—5,h,,) 


hn 
A, — g(a) = [ q'(t) dt < (hy —2)q' (hen). 


Hence y,,(2) has a zero between any two consecutive zeros of a 
solution of 


os + (h,, —«)q'(h,)z = 0 (h,—8 er a h,). 


Put h,—ax = {q'(h,)}*€. Then 


dz : , 
A solution of this is 
3\4 4 
#48) ~ () e-+e05(46'— fn. 


Hence the number of zeros does not exceed 


r) 
5a lta'Gha)}*-+-0(1) = = | 29'(hy)}* dz +000). 
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Also 


8 
f [ea n)}§— A, (le, —a)}4] de 
‘ 5 
—O 2’ (hn)—Ant+qhn—2) gy 
J {xq’(h,,)}# 





8 
61 2A) [er 
J 0) 7@,)}# 
= O[9" (hin {q(hn)} {on +]. 
Using (1.4) and (1.5), this is 


Of {g(hn)}*{q’ (hy)}**] = O(1). 
Hence the number of zeros of ¢,,(x) in (h,,—8, h,,) does not exceed 


Nn 
~ [ .—a(e)}* de +00), 
hn—8 


and the lemma follows. 


Lemna ¢. N(A+vA)—N(A) = Ofh(A)}. 


By Lemma e, 
h(A+4A) 


vata <i | A+3VA—g(x)}# de +O(1) 
7 
0 
for A large enough. Hence 


h(4A) h(a) 
a{N(A+vA)—N(A)} < | + f [{A+3vA—q(x)}#—{A—g(a)}#] da + 
0 h(4A) 
h(A+vA) 
+ [ Q+3VA—g(x)}! de +0(1) = L+h+h+0(1). 
_— h(A) 
fs teal ‘e 3VA 
A+ 8g) OG = Hage ae 


For x < h(}A), g(x) < 4A. Hence 





h(4A) 
I, = | O(1) dx = Ofh(4A)} = Ofh)}. 


0 
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a <= Ot 
{A+ 3vA—q(a)}! 
h(4A) 
h(A) : 
wf q (x) 
A\+3vA—q(a)}* 
O VA r 3 \— U h(A) 
ee q {hi LA pit Ss V q (a) }* ha» = 


Now q(x)—q(0) = [ew dt < xq'(x). 


$A)}—9(0) _ 3A—(0) 
h(3A) h(3a) - 


Thus I, = O[h(4A)] = Ofh(A)}. 
Finally 
I; = O[At{h(A+ vA)—h(A)}] = OfAth’(A)} 


re of. x |- — of) = Ofh(A)}. 


Hence q' {h(4A)} > gth(s 


q {h(A)} (AE 


This proves the lemma. 
Lema 7. For vA< pp <A, 
N(A+p)—N(A) = Of{ua-*h(r)}. 
This follows on applying the previous lemma O(yA-*) times, and 


observing that, since h(x) is concave downwards, h(x) < 2h(42). 


Lemma 6. 
NO+u) = Nel +o(f)} (WA <p <A). 
By (3.1) h(dd) 
va >! | (4A) dx —O(1) > AAK(JA) > AAFA(A), 
x 0 
and the result follows from the previous lemma. 


4. We now proceed to the proof of Theorem 1. We have 
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We have to prove that, under the conditions of the theorem, 


lim 5 ®(x,) dA = 0 (4.2) 
|Al= 


as Roo through values not equal to any of the eigenvalues. 
Let f(y) = 0 for x—8 <y<2+8. Then it follows from the 
analysis of the previous paper—in particular from (11.4)—that 
O(x, —r) = O(e->*), (4.3) 
where r is real and positive, and tends to infinity. 
Let A = u+iv, and consider first the order of ®(z, A) on the para- 
bola v? = u. Since f(x) is L*(0,00), ¥ c2 is convergent. Hence 


by Lemma 8. Now 
as* hz 
> Q, Era < 2 quit... _@—ae 


An<4u <u 
ho hot 
+ ee a,—w) 


U—v<An<ute U+0<An 
et Datla t Zot Le Say. 
te 3 < Beg eAERM of) of 
by Lemma 7. Similarly, 
Ae? N(u+ 2*v)—N(u+ 2*-1v) 
(A,—u)? ~ 22-22 (w+ 2*-1p) 








U+2®ly<An<u+2tv 





1 1 
= = Oj—_—}. 
Olaaar 2k =a (x5) 
Summing with respect to k, we obtain 


1 
= off): 
Similarly, >. = afi). 


Also 2 . _= ose = O(u-). 
tu<An< fu 


h,u h(}u)u? 


Adding O(log u) terms of the type, we get 
>, = Au-logu) = O(1/u). 
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Hence @(x,A) = O(u-+) (4.5) 
on the parabola. 

This also holds throughout the part of the first quadrant above 
the parabola, since the right-hand side of (4.4) is a decreasing 
function of v, for a fixed uw. Also, if uw is replaced by —w, (4.4) gives 


(a, A) = o(> an = O(1), 


the convergence of the series following from the above argument. 
It follows that ©(x, A) is bounded in the region between the negative 
real axis and the upper half of the parabola v? = uw. 

We now apply the Phragmén-Lindeléf theorem. Let 


F(A) = Atexp(— 475A*) (x, d), 
where A? is positive on the positive real axis. By (4.3), F(A) is 
bounded on the negative real axis. On the parabola v? = u 
exp(— 478A?) = exp{—4idu4(1 +3, +- = O(1). 
2u 

Hence, by (4.5), F(A) is bounded on the parabola. In the region 
betw: 

nee, F(A) = O(At|etA*#) = Oe%Al*), 
Hence F(A) is bounded in the region between, i.e. (putting A = re) 

D(x, A) = O(r-te-Hrtsind) — O(r-te—Gl2nrri), 


Hence, if Re lies in the above region, i.e. if Rsin®y > cos », 


®(x,d) dA = of | Rhe-Gi2mnRio as} = O(e-@i2mRn), (4.6) 
| 


|A|=R, n<O<m 


The same result, of course, holds for the integral over —7 < 0 < —7. 


5. Next, we have 
Rein 7 Rein aD 
| @(x,) AA = Fey nl) | rx 
Re-in _— Re-in 
This integral is bounded for all values of R and n (e.g. since we can 
take it along an arc of a circle with centre at A=A,). Since 
|A—A,| > R—A,, and the length of the contour is 2Rn, it is also 


Cz=n) 
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Hence the above sum is 


a len |hn 2) 
onl lenlltn 'n)+ + 


R-A, 


o 
tR<A,<R-Ry 


(leah + > of!SaiRa en) 
R—Ry<Ag<R+Ry R+Rn<An A,—R 
= §, 48, +5 +5. 


Let e(r) = (2,4) 


Then Ss, = Ole—Bal Zoe I 


As in the case of a. above, we have 


E meme? = OCR). 
R—Ry<An<R+ Ry 


Hence S; = Ofe(R— Rn) R*n}}. 
Arguing as with >’, and >.,, we obtain similarly 

S, = Ofe(R+ Ry) Rpt], 8, = Ofe(}.R)R*y}). 
! we —1}#) _ 1 i 
Also S, = Ofn(,, > hz ) O{n( Rt log R)}}, 


IR 
as in the case of },. Altogether we obtain 
Rein : 
| @(x,d) dA = O(n Rt log? R)+ Ofe(}R) R*y}}. 
Re-in 
Combining this with (4.6), 
[ ®(x,A) dd = O(e~P2"Rn) + O(n Rog! R)+ Ofe(FR)R*y. 
|A|=R 
Choosing 7 so that 
Rin > «, nRilog?R > 0, «(3.R)R*n* > 0, 
Theorem 1 follows. 
6. Theorem 2 depends on the following lemma. 
Lemma t. Let f(x) be of bounded variation over a finite interval 
(a,b), and zero elsewhere. Then 


Cn bn(tt) = o('). 


Let f(x) = f,(x)—f.(x), where f, and f, are bounded and non- 
increasing in (a,b). Then 


b b 
Cn = | dnlvhay) dy — [ Ynly)faly) dy. 
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By the second mean-value theorem 


b B 
[ Ylvhy) dy = fa) | rly) dy (4 <B <b) 


f(a) , a ’ r 
hay on™ $;,(B)} 


= OA, Mh, *) 
by Lemma y; and similarly for the other integral. Hence, by 


Lemma 4, €, tha ) = = OAc the). 
- 1 
Now* nm — f {A, —9(x)}* da, 
7 
0 


and in particular n = O(Ath,,). This proves the lemma, 
7. We now apply Wiener’s general Tauberian theorem.t Let 

a, = C,#,(x), so that a, = O(1/n). Let 

S = H{f(e+0)+f(e—0)}. 
The theorem of the previous paper in this series shows that 

= da 
—AD(x, —A) = 2 S 
Oe eae 
as A—oo. Let = Ay 
x 

Then 


A a,A 
S(A)+A®(a, —A) = # ade =" es 
Ps A+A, sits 


™ or xg t? ‘y een 
ol of S **)+O(r S x) 


An<A Aaa 


* See my paper in J, of London Math. Soc. 19 (1944), 66-8. 
+ N. Wiener, The Fourier Integral (Cambridge, 1933), Ch. IT. 
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1 < 1 1 1 1 
md, <A i nr n 
<An<2A A<An<2A N(A)<n<N(2d) 


=f 225 ~ 


by Lemma 6. Replacing A by 2A, 4A,... and adding, we have 


Sa, ~ 


An 


aba r 
Similarly, —* = O(A). 
Bs, nf 
Hence S(A)+A®(x, —A) = O(1), S(A) = O(1). 


oo 2) 


Also —A0(,—-) = [ 5 us dS(u) = ic: ape Sm) au 
0 


Hence 
= Su) @ u 


ay 5 S(e" )e” dyn 


eé-7 


(erp 


j 


K,(§—)S(e") dn, 


8-8 


where 


A 
_-_~ 
— 


a e* 
(+1) 


Now 


~ ile Sa ~ t-tu 
| K,(z)e*™ dz = 2= Kos, Gti) dt 


= T(1+iu)P'(1—tu) 4 0, 
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Hence, by Wiener’s Theorem 4,* 


lim [ K,(é—n)S(e") dy = 8 | K,(a) dx 


_f{9 (§<9), 
where K,(€) = lef (€>0). 
Thus é 

8 = lim | er-£S(er) dy 
. zx 
ao lim = | Sw) dy. 
0 


Let 5 be a number between 0 and 1, independent of x. Then 
(1+8)x x 
° 1+8)S—S i 1 - 
g_ Che - Sw) dy — | Sw) a 
0 


ro no BS 


(1+-8)z 
= lim 1 | S(y) dy 


zo OL 
x 


(1+8)x 


= tim s(0) +g - | {Sy)—S(a)} iy} 


F oe 8) 
xz 


{ 1\ 
vear<nEMa4-8)2) nj 
N{(1+8)2}—N (x) 
= of EO = 068 
Ne) “s 
by Lemma 6, provided that 2-? < 8. Hence 
(1+8)x (1+8)z 


x | {SW)-Se} dy = = [ 0@)dy = 08). 


z zx 
Since 6 is arbitrary, it follows that 
lim S(x) = 8. 


«Io 








* Loc. cit. 73—4. 
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